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PREFACIO

La coleccién Memorias de los Congresos Nacionales de la SMM empez6 a ser pu-
blicada por la propia Sociedad Matematica Mexicana dentro de la serie Aportaciones
Matemditicas, en 1986 (los primeros cuatro volimenes con el titulo de Programa). Los
editores de cada volumen han sometido todos los articulos recibidos a un riguroso
proceso de arbitraje. Los articulos de investigacién, asi como los articulos de exposi-
cién, han sido revisados por matematicos de reconocido prestigio tanto nacionales
COmo extranjeros.

Los articulos aceptados, pero cuyo proceso de arbitraje y correccién no ha termina-
do cuando un volumen es enviado a la imprenta, son publicados en el volumen del
afno siguiente. Esto hace que las Memorias tengan las caracteristicas de una revista
internacional que publica un volumen cada afio.

Por este motivo, el Comité Editorial de Aportaciones Matemadticas decidi6 registrar
esta coleccién como publicacién periddica, con el titulo Memorias de la Sociedad
Matemdtica Mexicana, a partir de 2005.

Memorias de la Sociedad Matemdtica Mexicana ha sido, de hecho, una publicacién
periédica conjunta entre la Sociedad Matematica Mexicana y la UNAM a través del
Instituto de Matematicas. Por esta raz6n, en 2017 se decidio registrarla formalmente
como publicacién conjunta, periédica e independiente ante el Instituto Nacional del
Derecho de Autor INDAUTOR). En consecuencia, Memorias de la Sociedad Matemd-
tica Mexicanaya no es parte de la coleccion Aportaciones Matemdticas. El volumen
correspondiente a 2005, afio en que se convirti en publicacién periddica, es ahora el
volumen 1.

A partir de 2021, Memorias de la Sociedad Matemdtica Mexicana se publica exclusi-
vamente en soporte electrénico en esta pagina: http://memorias-smm.matem.unam.
mx/, conservando todas sus caracteristicas de cuidadosa edicién, y permitiendo, a la
vez, una difusién mdas amplia y accesible para la comunidad interesada. Se podran
consultar y descargar ntimeros anteriores (por lo pronto, estdn los volimenes desde
2017 ala fecha).

Septiembre 2025

El Comité Editorial
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A VARIATIONAL METHOD TO CALCULATE PROBABILITIES

HUGO GUADALUPE REYNA-CASTANEDA AND MARIA DE LOS ANGELES
SANDOVAL-ROMERO

ABSTRACT. In this paper, we prove the existence and uniqueness of the con-
ditional expectation of an event A given a o-algebra ¢ as a linear problem in
Lebesgue spaces LP associated with a probability space through the Riesz
Representation Theorems. For the L2 case, we state Dirichlet’s principle.
Then, we extend this principle to specific values of p, defining the existence
of the conditional expectation as a variational problem. We conclude with a
proof of the Law of Total Probability using these tools.
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1. INTRODUCTION

The Law of Total Probability (see [4, Theorem 3.4]) is a fundamental result of classi-
cal probability theory with multiple applications in various disciplines such as physics,
medicine, biology, etc. This theorem allows for the calculation of an event’s probability
through the computation of conditional probabilities.

Theorem 1.1 (Law of Total Probability). Let (Q, %, P) be a probability space and let
PB =1{By,...,BN} bea collection on & such thatQ = Uj.vzl Bj, BinB; = foralli # j and
P(Bj) >0 forall j=1,...,N. Then, for any A€ &, we have

N
P(A)=)_ P(A|Bj)P(B)),
j=1

where P(A) is the total probability of event A.

T
| |
| |
‘
|
| | |
| | |
|
1

Figure 1. Law of total probability

The main concept of Theorem 1.1 is the conditional probability. We define and de-
note the conditional probability of event A given another event B with P(B) > 0 by
P(ANB)

PB)

Conditional probability is a concept that allows us to interact with the reality of ran-
dom phenomena by incorporating additional information about them.

Moreover, Theorem 1.1 is crucial to understanding how probabilities propagate un-
der different conditions, and its proof is straightforward, since it relies on the basic
properties of the probability measure. However, its essence belongs to a more general
concept in probability theory: conditional expectation (see [4, Definition 23.4]).

P(A|B):=

Definition 1.2. Let (Q, %, P) be a probability space, X : Q — R (Lebesgue) integrable
random variable, and ¢ o -algebra such that ¢ c & . The conditional expectation of X
given ¥ is the unique function E(X | 4) : Q — R with the following properties:
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(i) E(X|%9) is¥-measurable.
(i) E(X|%9) is (Lebesgue) integrable.
(iii) Forall Be 4,

[XdP:fE(XIE@)dP.
B B

Conditional expectation is fundamental for understanding the average behavior of
a random variable, given certain conditions or additional information. This concept
is closely related to the elementary ideas of probability. For the simplest case, when
the o-algebra ¢ consists only of the empty set & and the entire sample space Q, E(X |
%) becomes a constant function equal to the unconditional expectation E(X | ¢) =
E(X). Consequently, if X is an indicator function 14 for an event A € &, then E(14 |
%) equals the probability of A, P(A). The above suggests that the basic concept of
conditional probability can be derived from conditional expectation. To do this, we
need to carefully study a certain class of o-algebras.

The classical proof of the concept of conditional expectation is based on the
Radon-Nikodym theorem. The idea is to take an integrable random variable X and
define a finite signed measure Q on the sub o-algebra ¢ by Q(B) := [ X dP. Some-
one then shows that Q(B) = 0 whenever P(B) = 0 and therefore E(X | ¢) is the Radon-
Nikodym derivative of Q with respect to P restricted to ¢ (see [4, Theorem 28.3]).

The general aim of this work is to present a new proof of the existence and unique-
ness of the conditional expectation for indicator functions of sets in a o-algebra, using
techniques from nonlinear analysis in Banach spaces. In particular, we show that the
conditional expectation coincides with the unique critical point of a functional defined
on suitable Banach spaces constructed from the integral on the underlying probabil-
ity space. As a consequence of this result, we also obtain a new proof of the law of
total probability. For this reason, we have entitled this work “A variational method to
calculate probabilities.”

In Section 2, we focus on providing an overview of the problem to be solved, that is,
we will frame the existence and uniqueness of the conditional expectation of an event
A as alinear problem in a vector space of infinite dimension.

In Section 3, we restrict the problem to the Hilbert space L? of square-integrable
random variables, where the inner product is the expectation of the product. This re-
striction allows us to invoke the Riesz-Fréchet representation theorem, and thus pro-
vide a geometric description of conditional expectation. Moreover, in the same sec-
tion we cast the existence of the conditional expectation as the existence of a critical
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point (indeed, a minimizer) of an energy functional defined on an infinite-dimensional
Hilbert space; this is the Dirichlet principle, whose solution is furnished by the Riesz-
Fréchet theorem. Although it is common in the literature (see, e.g., [4, Chapter 23]) to
prove existence in L? via this description, we point out that the phenomenon does not
depend on the space being Hilbert. Furthermore, in Section 4 we show that for certain
values of p € (1,00) the geometry of L” retains the key features of the L? case. To this
end, we present a suitable version of the Riesz representation theorem and, leverag-
ing Clarkson’s inequalities together with the Holder’s inequality, extend the Dirichlet
principle approach to those values of p.

Finally, in Section 5, where we prove the Law of Total Probability (Theorem 1.1) us-
ing the tools developed in the previous sections.

We gather the notation, preliminaries, and technical tools used throughout the pa-
perin Appendices A, B, and C which we include because the main proof draws from the
outset on solid results from nonlinear analysis in Banach spaces that standard proba-
bility textbooks rarely present in the requisite detail. Appendix A reviews functional-
analytic notions; Appendix B summarizes the probabilistic setting, and Appendix C
gathers differentiability concepts for functionals on Banach and Hilbert spaces. Where
helpful, we include brief, self-contained proofs tailored to the paper’s variational ap-
proach, with the aim of making the article self-contained, unifying notation, reducing
external prerequisites, and clarifying the role these techniques play in extending the
Dirichlet principle beyond the Hilbert framework.

Remark 1.3. In this text, we consider two random variables identical if they are equal
except on a set of probability zero. Thatis, X =Y if P(X=Y)=PHw e Q : X(w) =
Y(w)}) =1.

2. PROBLEM STATEMENT

We outline the main idea of the problem addressed in this paper. Let (2, %, P) be a
probability space and let ¢ — & be a o-algebra. Restricting P to ¢ we obtain a proba-
bility measure on (Q2,%); hence (Q2,%, P) is a probability space.

Fix A € &. Our goal is to prove the existence and uniqueness of the conditional
expectation E(1 4 | ¢). More precisely, we seek a unique function ¢ € LN(Q,%, P) such
that:

2.1) flA'leP=ff'leP VBe4.
Q Q
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Note that 15 € L1 (Q,%, P) for all B € ¢ because fQ 1pdP = P(B) < 1. Suppose ¢ €
LY(Q, %, P) is a conditional expectation of 1 4 given 4. Then, by linearity of the integral,
for every simple ¢ measurable random variable X = Zﬁ.vz 1ajla; € L'(Q,%,P),

N N
(2.2) f -XdP = a'f ‘1q4,dP=) a;| 1a-1 ,dP:fl -XdP.
Qf ]; j Qf A ]; i ) tatay A

Now, let X € L'(Q, %, P). There exists a sequence (X}) of ¢-measurable simple ran-
dom variables with X; — X in L'(Q,%, P). Passing to a subsequence (still denoted
Xk), we may assume X — X and |Xi| < Y almost surely for some Y € LYQ, %, P)
(see [4, Theorem 22.6] and [4, Definition 23.5]). By the dominated convergence the-
orem (see [4, Theorem 9.1]) and (2.2),

fé-XdP: lim | ¢ -XdP= lim[ 1A-Xde=f 14-XdP.
Q k—ocoJQ k—o0JQ Q
Thus, ifE = E(14|%9), then

(2.3) flA-Xszfg‘-XdP vXeL'(Q¥%,P).
Q Q

Conversely, if £ € LY(Q, %, P) satisfies (2.3), then it satisfies (2.1) in particular, and by
uniqueness ¢ = E(14 | ¥9).

Consequently, constructing the conditional expectation reduces to finding a unique
&€ L1(Q, 9, P) such that

flA-Xszff-XdP vXeL'(Q¥Y,P).
Q Q
Define T: L' (Q,%,P) — R by
T(X)::f 1p-XdP
Q

This map is linear and satisfies | T(X)| < fQ | X|dP for every X € LYQ,%,P),so T is
continuous with || Tl ;1 py+ = 1 (see Theorem B.8). Thus, we precisely formulate
the problem to be solved as follows:

Problem 2.1. Given A€ %, does there exist a unique function & € L' (Q,%, P) such that

(2.4) T(X):ff-XdP for every X € LY(Q, %4, P)?
Q
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From a conceptual point of view, the preceding analysis falls within the framework
of a Riesz-type representation. In the sections that follow, we show that this approach,
developed in the setting of Lebesgue spaces, solves the preceding problem and rigor-
ously establishes the existence and uniqueness of conditional expectation. In doing
so, we provide a variational characterization of the conditional expectation.

3. PROBLEM IN [?

Let (Q, %, P) be a probability space, A € &, and let ¢4 be a g-algebra such that ¢4 c
Z.
Consider (2,4, P), the probability space introduced in Section 2, and define

1%(Q,9,P) = {X:Q—R: X is 9-measurable and E(XP) < oo}.

Itis immediate that X € L2(Q, %, P) ifand onlyif X2 € L1(Q,%, P). Hence L2(Q, %, P)
is a vector space over R.

The objective of this section is to derive, within the I%(Q, %, P) framework, the con-
ditional expectation of 14 with respect to ¢, in accordance with the discussion in Sec-
tion 2.

The fundamental tool is Holder’s inequality [1, Theorem 4.6], which will allow us to
address the problem in this setting.

For X € L?(Q,%, P) set

1X1l2:= (E4X1%)".
Theorem 3.1 (Holder’s inequality). IfX,Y € L?(Q, %, P), then X-Y € L'(Q,%,P) and
IX-Yi<IXl20Y 2.

Corollary 3.2. IfX € L?(Q,%, P), then X € L'(Q,%,P) and | X |, < | X|l>.
On I*(Q,%, P) define
(X, Y)2:=E(X-Y) :fQX-YdP.
By Theorem 3.1 this is a well-defined inner product and satisfies
(X, X)2 = 1X13.

In fact, by the Riesz-Fischer theorem [1, Theorem 4.8], I2(Q,%, P) endowed with
(-,-)2 is a Hilbert space.
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We now recast Problem 2.1 in L2(Q,%, P). Define T: [2(Q,%, P) — R by
(3.1 T(X):Zjv 14-XdP
o)

Clearly T is linear. By Theorem 3.1, |T(X)| < || X|l, for all X € [%2(Q,%, P), hence T is
continuous (see Definition A.2). The question is: Does there exist a unique function
£eL2(Q,%, P) such that T(X) = [, ¢+ X dP forall X € [*(Q, 9, P)?

In order to give a response we have to remember that, in Hilbert spaces, continuous
linear functionals are represented via the inner product by the Riesz-Fréchet represen-
tation theorem [5, Theorem 3.8-1]:

Theorem 3.3 (Riesz-Fréchet representation theorem). Let H be a real Hilbert space and
L: H— R a continuous linear functional. Then there exists a unique u € H such that

L(v) ={u,v) YveH.
By Theorem 3.3, there exists a unique ¢ € L2(Q,%, P) such that
T(X):(E,X)Z:L‘f-XdP VXeL*(Q,%,P).
By Corollary 3.2, ¢ € L' (Q,%, P), and since 15 € L?(Q,%, P) for every B€ ¥,
T(lB):fQéJBdP VBed4.

Consequently, { = E(14|49).

Then, we have presented a new approach to establishing the existence and unique-
ness of E(14 | ). Moreover, the strategy will allow us to assert that E(14 | ¢) is the
unique critical point (indeed, the minimizer) of an energy functional J : I12(Q,%,P) —
R, an instance of the Dirichlet principle (see [1, Proposition 8.15]).

The energy functional defined in L?(Q,%, P) is the function J : L?>(Q,%, P) — R given
by

1
(3.2) J(X):= —f |X|2dP—f 1a-XdP
2 Ja Q
If J is of class €' and & is a critical point of J in L?(Q,%, P), then
]éO(X):<£0rX>2_T(X):0 VXel*(Q,%9,P).

In particular, letting ¢ := E(14 | ¥9) € L%(Q,%, P), we have fgf- 1p = T(1p) for any
B € ¢ and thus fQ{ - Z = T(Z) for any simple random variable Z € I2(Q,%, P), and
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consequently, fQE -X =T(X) forany X € L[%(Q, %, P) because there exists a sequence
of simple random variables (Z;) such that Z; — X in 1%2(Q,%, P) (see [4, Theorem 17.2
and Theorem 17.4]). We thus obtain:

Theorem 3.4 (Dirichlet’s principle). The functional J in (3.2) is of class €2, and E(14 |
9) is its unique critical point in L*(Q, %, P); in addition, it is the minimizer of J.

Proof. We have J(X) = %IIXII% — T(X) with T linear and continuous as in (3.1). Hence J
is a €2 functional and, for X € L2(Q,%, P),

Jh(N)=(X,Y), - T(Y) VYelI’Q%,P).

By Theorem 3.3, ¢ := E(14 | 9) is the unique element of I%2(Q,%, P) such that (£, V), —
T(Y)=0forall Y. Thus, ]é(Y) =0forevery Y e I%(Q, %, P). Moreover,

]g(Y, Y)=(Y,Y), =E(|Y|?)>0 forallY #0,
so ¢ is a minimizer by Theorem C.3. U

The question now is, how do we interpret E(14 | ) through the proof of Theorem
3.3?

In [5], the idea of the proof of Theorem 3.3 is: Since L: H — R is a linear and con-
tinuous function, then kerL = L™1({0}) is a closed vector subspace of H and, thus,
H =kerLa (kerL)! (see Figure 2).

If L is trivial, then kerL = H and u = Oy is a vector zero. If L is nontrivial, then
(ker L) # {0}. Fix w € kerL with |w| g = 1 and defining u := L(w)w € H yields the
result.

(kerL)*

kerL

Figure 2. Orthogonal decomposition of H in the kernel of L
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That is, we can interpret E(14|%) as an element of (ker L.

However, in the proof of Theorem 3.3 given in [1, Theorem 5.5], two important tools
are used: the Hahn-Banach theorem [1, Corollary 1.8] and the reflexivity of Hilbert
spaces (see Corollary A.7).

We then ask: Is orthogonality necessary for our problem? Is there a similar theo-
rem in spaces that are not necessarily Hilbert spaces? In the following section, we will
answer these questions.

4. PROBLEM IN L?

Again, let (Q, %, P) be a probability space, A € &, and let ¢4 be a o-algebra with
GcF.

Orthogonality in the Hilbert space L? is a classical route for introducing conditional
expectation, since E(X | ¢) is identified with the orthogonal projection of X onto the
closed subspace I2(Q, %, P) (see [4, Theorem 22.6] and [4, Definition 23.5]). In this sec-
tion, we will show that the case X = 14 can be treated in the Lebesgue spaces L (Q,%, P),
for 1 < p < 0o, without appealing to the Hilbert space structure: we will derive E(14 | %)
from the geometric properties of L” and from the Riesz representation theorem in LP.
We will also extend the Dirichlet principle for certain values of p € (1,00), thus recover-
ing that E(1 4 |4) is the unique critical point of an energy functional in LP.

For p € (1,00),

LP(Q,%,P):={X:Q—R: X is ¥-measurable and E(|X|) < co}.

It is clear that X € LP(Q2,%, P) if and only if | X|” € LY'(Q,%,P). Hence L (Q,%, P) isa
vector space over R [1, Theorem 4.7].
For X € LP (9,4, P) we set

1/
1X1, = (EAX1P)"'P.
Let p € (1,00) and denote by g := % € (1,00) the conjugate exponent, so that % +
;=1L
There is a general version of Holder’s inequality [1, Theorem 4.6], which we state as

follows:

Theorem 4.1 (Holder'’s inequality in LP). If p,q € (1,00) are conjugate exponents, X €
LP(Q,%,P),andY € L7(Q,%,P), then X-Y € L'(Q,%,P) and || X- YIl; < | X|l» [ Y ll4.
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Corollary 4.2. Let1 <1 < s<oo. Then L°(Q,%,P) c L' (Q,%, P). Moreover, for any
XeL*(Q,%,P) we have || X, < | X]s.

The Riesz-Fischer theorem [1, Theorem 4.8] guarantees that the space LP(Q,¥, P)
with the norm || - ||, is a Banach space for all p € (1,00).

Note that the identity that allowed us to conclude that Hilbert spaces are reflexive
through the Milman-Pettis theorem (see Theorem A.6) was the parallelogram identity
and, in fact, it was sufficient to have a certain inequality. In spaces LP, there are in-
equalities that similarly allow us to conclude that they are reflexive spaces [1, Theorem
4.10]. These inequalities are known as the first and second Clarkson inequalities, and
for their proof, we suggest consulting [6] and [1, Theorem 4.10].

Theorem 4.3 (Clarkson inequalities). Let p € (1,00) and X,Y € LP(Q,%, P).
(1) Ifpe,2], then

X+Y pl(p-1) X-Y pl(p-1) U(p=1)
H 5 +HT < (FUXIL+20vIp) P
p p
(2) Ifpe(2,00), then
X+Y|P X-Y|P
H +H < 2(IX15+1Y15).
2 p 2 p

Note that for p = 2, the Clarkson inequalities imply the parallelogram identity in
L*(Q,9,P).

Corollary 4.4. LP(Q,%, P) is uniformly convex, and thus it is reflexive for all p € (1,00).

Therefore, using the Hahn-Banach theorem together with reflexivity of LP spaces,
we obtain the Riesz representation theorem [1, Theorem 4.11].

Theorem 4.5 (Riesz representation theorem on LP). Letp € (1,00) and let®: LP (Q,%, P) —
R be linear and continuous. Then there exists a uniquey € L9(Q,%4, P) such that

(D(X)zfl//-XdP VXeLP(Q,¥,P).
Q

If p =2, then g = 2, and Theorem 4.5 reduces to Theorem 3.3 in the Hilbert space
L*(Q,9,P).
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Hence, we recast Problem 2.1 in L”(Q,%, P). As in Section 3, given A € &, consider
T:LP(Q,%, P) — R defined by

(4.1) T(X):zf 14-XdP.
Q

This map is clearly linear. By Holder’s inequality (Theorem 4.1), | T(X)| < || X]|, for
all X € LP(Q, %, P); hence T is linear and continuous (see Definition A.2). According to
the Riesz representation theorem (Theorem 4.5), there exists a unique ¢ € L7(Q,%, P)
such that

T(X)=fo-XdP forall X e LP(Q, %, P).

In particular, for every B € ¢4, since 15 € LP(Q,%, P), we have T(1p) = fQ ¢1pdP. More-
over, because g > 1, Corollary 4.2 yields ¢ € LY(Q,%,P). Thus, E = E(14|9).

The next objective is to extend the Dirichlet principle to L” spaces for p € (1,00);
that is, we seek a functional F : L?(Q, %, P) — R of class 62 such that

Fpa () =TY) VYeL’(Q¥%,P),

where T is given in (4.1).
Suppose p € (1,2) and let g € (2,00) be its conjugate exponent. By Corollary 4.2, the
functional J; : LY(Q,%, P) — R given by

1
(4.2) ]q(X) = —f |X|2 dP - T(X)
2Ja

is well defined, since L9(Q, %, P) c L2(Q,%,P) c LP(Q, %, P) c L1 (Q,%, P) when 1 < p<
2 < g < oo. Here we consider the restriction of T to L9(Q,%, P), which is linear and
continuous.

Theorem 4.6. Ifp € (1,2), then ] ; defined in (4.2) is of class €% onL9(Q,9, P), with
T (X)(Y) :fQX-YdP— T(Y) and Jy(X)(Y,Z) :fQY-ZdP

forallX,Y,Z e L9(Q,%, P).

Proof. Let X € L1(Q,%,P).For Y € L9(Q,%,P)and t e R,

Jg(X+1Y)—Jg(X) = %f (IX+ tY[* = |X[*)dP - (T(X + tY) - T(X))
Q

t2
=th-YdP—tT(Y)+—[|Y|2dP.
Q 2 Ja
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Hence,
X+tY)- X
lim Jq( )—Jq(X)
=0 t
o) ];(X)(Y) = fQX‘ YdP-T(Y). If X; — X in L9, then by H6lder’s inequality

=[ X-YdP-T(Y),
Q

|7 (X (V) = J,(X)(V)| = fQ | X = XI1YdP < | X = Xllg 1Y Il p,
which shows that J' ; is continuous and thus J; is a ¢! functional. Moreover,
JqgX+tY)(2) = Jo(X)(2) = tf Y-ZdP,
Q

whence J(X)(Y,Z) = [ Y - ZdP. Therefore, J; is a %* functional. O
Corollary 4.7. Ifp € (1,2), then E(14|%9) is the unique minimizer of

1

Jq(X) := —f |X|2dP—f 14-XdP

2Ja Q

over L1(Q,%,P).

Proof. According to the Riesz representation theorem (Theorem 4.5), { = E(14 | ¥9) is
the unique element of L7(Q,%, P) such that

T(X)=f ¢(-Xdp forall X € LP(Q,%, P).
Q
In particular, for every Y € L9(Q,%, P), T(Y) = fQ ¢-Y dP. By Theorem 4.6,

J’q(f)(Y)=f6~YdP—T(Y)=0 and fg(f)(Y,Y)=f Y1 dP>0
Q Q

for all Y # 0. The conclusion follows from Theorem C.3. O

5. PROOF OF THE LAW OF TOTAL PROBABILITY

Finally, let (Q, %, P) be a probability space, 8 = {By, ..., By} a finite partition of Q
with Bj € & and P(Bj) >0 for all j =1,...,N. Define ¢ as the o-algebra generated
by 48, that is, ¢4 := 0(28). In the previous sections, we have proven the existence and
uniqueness of the conditional expectation of an event A € & given the o-algebra ¢. We
conclude this work by providing a proof of the Law of Total Probability (Theorem 1.1)
using the results developed (Theorems 3.4 and 4.7). But first, we will present a simple
and enlightening example of this method in the L? setting. And last, but not least, we
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present an original proof of the Law of Total Probability that will use the version of
these methods formulated for L” spaces.

Example 5.1. Let N = 2 and consider the finite uniform probability space
Q={1,...N}, ZF=2@Q), P{jh=4% (jeQ.
Fix Ae & and let
B:={keQ: kiseven} and Q~B:={keQ: kisodd},
so that {B,Q\ B} is a partition of Q, and set 4 := 0 ({B,Q2~ B}). By Theorem B.6,
1*(Q,%9,P)={X=alpg+Blgp: aBeR}.
Define the energy functional J : L*(Q,%, P) — R by

](X)=1f |X|2dp—f 14-XdP
2Ja Q

According to Theorem 3.4, E(1 4 | 9) is the unique critical point of J in L*(Q, ¥4, P). We
therefore seek a*, B* € R such that, for
f:Z a*lB +ﬁ*IQ\B,
one has
]é(Y):fE-YdP—f 14-YdP=0 VYel*(Q%,P).
Q Q

In fact, it suffices to impose the first-order condition on the generators:

(5.1) ]é(lB)=fQ§-leP—fQIA‘1BdP=O,

(5.2) ]2(19\3) =fQ<f'1Q\B dP—/QIA'lfz\B dP=0.
Expanding,

(5.3) ]é(13)=a*P(B)—P(AﬁB),

(5.4) Ji(la-p) = B"P(Q~B) - P(An(Q~B)).

Thus (5.3) and (5.4) vanish if and only if
a*=P(A|B) and p*=P(A|Q~B),

and therefore
E=E(1419) =P(A|B)15+P(A|Q~B)1lgp.
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Consequently,
P(A) =f lAdpzf E(14] @)szp(A|B)P(B)+P(A|Q\B)P(Q\B),
Q Q
which is the law of total probability for this partition.

Proof of Theorem 1.1. Fix A€ &. Let 8 = {By,..., By} be a finite partition of Q such
that ¢ = o(%). Let p € (1,2] and let q := % € [2,00) be its conjugate exponent. By
Theorem B.6,

N
1P©Q,9,P)=L1Q9,P) ={X=Y ajly: ar,...aneR}.
=1

First, we describe E(14 | ). Consider the energy functional J; : L1(Q,%4,P) - R
given in (4.2). According to Corollary 4.7, we seek a7,..., a}, € R such that, for

N
§:=) ajlg,
j=1
one has
];(f)(Y):f £~YdP—f 14-YdP=0 VY eL1Q,%,P).
Q Q
In fact, it suffices to verify the condition on these generators, that is,
];,(5)(1Bi)=f5-13idp—f 1a-15,dP=0 Vie{l,...,N}.
Q Q

Fixie{l,...,N}. Then
N

(5.5) J4©)(p,) = > a;‘-/QIBj'lBi dP—fQIA'lB,- dP =aj P(B;)-P(ANB,)),
i=1

where we used that {By, ..., By} is a partition of Q. Therefore, (5.5) vanishes if and only
if a¥ = P(A| By).
Consequently,

N
{=E(1al9) = jZ_lP(A | Bj)18;.
Integrating, we obtain

N
P(A):f lAszf E(419)dP=Y P(A|Bj) P(B)),
Q Q j=1
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which establishes the law of total probability. ]

6. CONCLUSIONS

The novelty of this work lies in the formulation of conditional expectation as the so-
lution to a variational problem. Although the existence and properties of conditional
expectation are classical and extensively documented in the literature, our contribu-
tion is to reinterpret these results through the lens of Dirichlet’s principle, providing a
functional perspective. This approach not only recovers the standard L? case, but also
extends the construction naturally to certain LP spaces. To our knowledge, this varia-
tional formulation of conditional expectation in the L? setting does not appear in the
existing literature, and we believe that it offers a new perspective on the structure of
conditional expectation and its role in probability theory.

A. BANACH SPACES

Let V=(V,|-lly) and W = (W, |- lw) be two Banach spaces over R.

Definition A.1. A function f : V — W is continuous on V if, for every u € V and (uy)
sequence on 'V such thatlimy_., |ur — ully =0, thenlimy_.o Il f(ug) — f() lw = 0.

Definition A.2. For linear and bilinear functions, the following characterization of con-
tinuity holds:
(@) A linear function L: V — W is continuous if exists a constant C > 0 such that
ILW)lw = Cllvlly forallve V.
(b) Abilinear function L:V x V — W is continuous if there exists a constant M >0
such that | L(u, v)llw < Mlulviviv forallu,ve V.

The space:
B(V,W):={L:V — W : Lis linear and continuous}

with norm:

ILllsgv,w):= sup IIL()llw
lvlvs=1

is a Banach space over R [5, Theorem 2.10-2]. If W = R we denote this space like V* :=
%B(V,R) and we call it the dual space of V. In the same way, we define the space V** :=
PB(V*,R) and call it the bidual space of V.
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If Le B(V,W), then ||L(v)lw < | Lllgw,w) for all | v]v < 1. Consequently, | L(v)|lv <
ILlIlgv,w)llviv forall ve V.
Let v € V. We define function 7: V* — R by

U(L) := L(v).

It is clear that ¥ is linear in V*. Note that |L(v)| < |L|ly+|lv|ly for all L € V* and
therefore |U(L)| = |[L(v)| < |ILlly+llvlly for all L € V*. This implies that 7 is continuous
at V>,

The following result establishes a relationship between the space V and its bidual
space V** [5, Lemma 4.6.2].

Theorem A.3. The function ¥ : V — V** defined by
FW):=0
is linear, continuous, and || £ (V) |ly+ = |vlly forallve V.

The function .# in Theorem A.3 is called the canonical mapping of V into V** and
we can deduce that it is injective.

Definition A.4. A Banach space V is said to be reflexive if the canonical mapping .% is
surjective.

The following concept will provide us with a sufficient condition for when a space is
reflexive, the Milman-Pettis theorem [1, Theorem 3.31].

Definition A.5. A normed spaceV = (V, || |lv) is said to be uniformly convex if, given an
arbitrary real number € > 0, there is a d > 0 such that for any v,w € V with |v|y <1,
lwlly <1landl|v—-wly > e we have
v+ w
1=

Essentially, a normed space is uniformly convex if its closed unit ball does not con-
tain line segments on its boundary. The most precise example of this is a Hilbert space
([1, Proposition 5.1]).

HV<1—6.

Theorem A.6 (Milman-Pettis). Let V be a uniformly convex Banach space. Then V is
reflexive.

Corollary A.7. If H = (H,{-,", | - |g) is the Hilbert space over R, then H is uniformly
convex, and thus it is reflexive.



A VARIATIONAL METHOD TO CALCULATE PROBABILITIES 19

B. PROBABILITY SPACES

A probability space (2, #, P) consists of three elements:

(a) Qisanonempty set.

(b) & isao-algebrain Q, thatis, & is a collection of subsets of Q such that:
(b.1) Qe %,
(b.2) f Ae F thenQ~Ae %,
(b.3) U%"zl Ay € & for any countable collection {A; € &F : ke N}.

(c) Pisaprobability measure, thatis, P: % — [0, 1] satisfies:
(cl) P(Q) =1,
c2) P( 2, Ax) = % . P(Ay) whenever {A : k € N} is a disjoint countable

collection of members of .

Definition B.1. Let € be an arbitrary collection of subsets of Q). We define the o -algebra
generated by €, denoted by o (€), as the intersection of all the o -algebras of subsets of Q
that contain €, that is,

0(€):=(\F : F o-algebra and € < F}.

0(%¥) is a o-algebra of subsets of Q and, in fact, it is the smallest o-algebra that
contains ¢. Indeed, by definition, it is clear that € < 0(%¥) and if % is a o-algebra
such that € c %, then % € {Z : & o-algebra and € c %} and, thus, 0(€) € %.

It is possible to provide a description of the o-algebra generated by a finite partition
of Q. This result is a very common exercise in classical textbooks of the theory, so we
provide a detailed proof, which we will also use in the present work.

Proposition B.2. Let 28 = {By,..., By} be a finite collection of elements from & such that
they form a partition of Q. Then

0(93)={UBk:TC{1,...,N} andr#@}u{@}.
ket

Proof. We define

m::{UBt : TC{l,...,N}andr;é@}u{@}.

tet
It is clear that 98 < 2l and by definition of o-algebra, 2 < 0(28). We will prove that
2l is a o-algebra. Note that since the elements of 28 form a finite partition of Q, 2 is a
finite set such that it suffices to prove that 2l is closed under finite unions.
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Q

T T T T T T T
| | | | | | |
| | | | | | |
| | | | | | |
| | | | | | |
| | | | | | |
! ! ! ! ! ! !
| | | | | | |
| | | | | | |
| | | | | | |
| | | | | | |
1 1 1 1 1 1 1

Figure 3. Partition of Q

Given by Q = B; U---U By then Q € 2. Now, let A € 2. It is clear that if A = & then
O~ A=QeAandin the same way if A=Q then Q~ A =2 € 2. We suppose that A # &
and that there exists a proper non-empty subset 7 of {1,..., N} such that

A=JB:.
tet

Again, since Q = Ujeq,..,ny Bj then

U B

Jjeil,..,N}

QO~A=

\(UB,)z U Brel

tet te{l,...,N}~1
Finally, if A;, A2 € 2~ {&}, there exist nonempty subsets 7 and 1, of {1,..., N} such
that
Ai=JB; and A= B;.

i€ty JET2
Therefore,
AtuA = B u(U Bil= U B
i€t JeT;j teT1UT
and hence A; U Ay € 2. The case where A} = & or A, = & is clear. Consequently, 2l is a
o-algebra in Q such that 8 c 2 and thus o (%) c 2. O

Definition B.3. A function X : Q — R is a random variable (or & -measurable function)
ifX’l(—oo, cle F forallceR

In the previous definition, it is important to note that the measurability of the func-
tion depends on the g-algebra considered in the probability space.

Since the main objective of this work is to present the concept of conditional expec-
tation for certain random variables, in this section we will study some relevant exam-
ples.
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Proposition B.4. If A€ & then indicator function 14 given by

1 ifweA,
IA(‘“)“{ 0 ifogA,
is a random variable.
Proof. For c € R we have that
Q ifc=1,
1 (~oo,cl={weQ: x4 <ct={ Q~A ifosc<l,
(%) ifc<O.
Thus, 1;1(—oo,c]€9f0rallc€IR. O

Proposition B.5. A linear combination of indicator functions of sets in & is a random
variable.

Proof. LetX:Z?’:l ajla, with ajeRand Aj e & forall j=1,..., N (see Figure 4).
If ¢ € Ris any real number, then

ifaj>cVj=1,...,,N,

%)
{LUEQ.X(U))SC}—{ U{A] . a’jSC} otherwise.

Consequently, X! (~oo, c] € & forall c e R. O
a;+ o
ap+ P—)

llj1_o

ap+ [ S—
Figure 4. Linear combination of indicator functions

A function that is a linear combination of indicator functions is referred to as a sim-
ple random variable [4, Definition 9.1].
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With the previous results, we can characterize the measurable functions in the o-
algebra generated by a finite partition of Q.

Proposition B.6. Let % = {By,..., BN} be a finite collection of elements from & such that
they form a partition of Q. If 4 := 0 (%) then X : Q — R is¢ measurable if and only if for
each j=1,..., N there exists a; € R such that X =Z§-V:1 (leBj.

Proof. <) : This follows from Proposition B.5.

=) : Suppose, by contradiction, that there exist jy € {1,..., N} and Wq,wp € Bj, such
that X(wg) =a < f= X(wp).

We know that X is ¢-measurable, so X ! (—oo,a] € ¢ and therefore there exists
7 < {1,...,N} such that X~ (oo, @] = U;e; By by Proposition B.2. It is clear that Bj,n
X~!(~o0, a] # @ and using the hypothesis, we obtain Bj,n X! (=0, a] = Ue; (B;NBjjy).
However, the sets B; form a partition of Q so Bj, N X 1(~c0,a] # & if and only if
Bj,Nn X! (~o00,a] = Bj,. This is a contradiction, because wg € Bj, ~ X~ !(-o0,a]. O

One of the fundamental properties of conditional expectation is formulated in terms
of the Lebesgue integral, namely the equality between the integrals of a random vari-
able and its conditional expectation over every set measurable with respect to the o-
algebra under consideration. Since the development of this work relies on this formu-
lation, we now present some basic properties of random variables that will be useful.

Definition B.7. If X : Q — R is a random variable in (O, &, P) we define the expectation
using the Lebesgue integral, that is,

E(X):= f XdP
Q
We say that X is (Lebesgue) integrable if E(| X|) < oco.

In this paper, we consider two random variables identical if they are equal except
on a set of probability zero. Thatis, X =Y if P(X=Y)=P{weQ: X(w) =Y (w)}) =1.

We write L' (Q, &, P) to denote the set of all integrable random variables on (Q, &, P).
We state some properties of expectation whose proofs can be found in [4, Theorem 9.1].

Theorem B.8. Let (Q), %, P) be a probability space.

(a) L' (Q, %, P) isavector space over R, and expectation is a linear map on L' (Q, %, P),
thatis, if X,Y € L'(Q,%,P) and a, B € R then E(aX + BY) = aE(X) + BE(Y).
() X e L' (Q,%,P)ifand only if|X| € L' (Q, %, P) and in this case |E(X)| < E(|X]).
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(© IfX,Y e LN(Q,%,P) then X = Y ifand only if E(X) = E(Y).
@) IfX,Y € LNQ, %, P) issuch that X < Y then E(X) < E(Y)

For X € L}(Q, &, P) we denote:
X1 := E(XD.

Thus, L} (Q, %, P) with the norm | - ||; is a Banach space. This result is known as the
Riesz-Fischer theorem, and its proof is provided in [1, Theorem 4.8].

The main result of this section establishes that every random variable can be ob-
tained as the pointwise limit of a sequence of integrable random variables. More pre-
cisely, if X is a random variable, then there exists a sequence (Xj) of simple random
variables such that | Xj| < | X| for any k € N and X — X on Q (see [4, Result 1, Chapter
9]). Consequently, we obtain the following theorem (see [4, Theorem 9.1]).

Theorem B.9. If X € LY(Q, F, P) then there exists a sequence (Xy) of simple random
variables in L' (Q, &, P) such thatlimj_. || Xi — X|1 = 0.

C. DIFFERENTIABLE FUNCTIONALS

In this brief appendix, we will gather concepts on the differentiability of the energy
functional, which are generally developed for an arbitrary Hilbert space over R. See [2]
and [3] for more details.

Let V = (V,|-I) beaBanach spaceoverR, V* :={L: V — R : Lis linear and continuous}
a dual space, and Bil(V x V) :={L:V x V — R : Lis bilinear and continuous}.

Definition C.1. Let F:V — R be a function.
(@ If, forueVandveV, the limit
. Fu+tv)-F(u)
lim ————
t—0 t
exists, then its value is called the derivative of F at the point u and in the direc-
tion v.
(b) F:V — R is Gateaux-differentiable at the point uy € V if, for every v € V, the
derivative of F at the point u and in the direction v exists and the function F},:
V — R given by
F(u+tv) - F(u)
t
is an element of V*. At times, to simplify the notation, we will also write F' (1) (v).

F (v):=1li
u() )
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(c) F:V — R is Gateaux-differentiable on V if it is Gateaux-differentiable at every
pointu € V. The function given by

F':V—-V* u—F

w
is called the Gateaux derivative of F.

(d) F:V —Risofclass€" inV ifand only if F is Gateaux-differentiable on H and
F':V — V* is continuous (see [2, Proposition 3.2.15]).

(e) uy is acritical point of F in V if F, (v) =0 forallve V.

Definition C.2. LetF: V — R be a function of class €.

(a) F has a second Gateaux derivative at uy € V if there exists a continuous bilinear
form L:V x V — R such that for everyv,w e V

Fpo i 1p(W) = F (0) = L(tv, w) o

. up+tv
lim —
t—0 t

We denote a second Gateaux derivative of F in uy by L := F,, . Hence, the
second Gateaux derivative on uy € V is given by continuous bilinear form (see
(2, Remark 3.2.29])

Fpy 00 (W) = Fy, (1)
: .

(b) F:V — R is twice Gateaux-differentiable on V if it has a second Gateaux deriv-
ative at every point u € V. The function given by

11 NERT
F,, (v, w):= ltli%

F":V—Bil(VxV), u—Fl,

is called the second Gateaux derivative of F.
(c) Fisofclass€? inV ifand only if F has a continuous second Gateaux derivative
onV ([2, Proposition 3.2.18]).

According to the established objective, the following result provides a sufficient con-
dition for finding minimum points of certain functionals [3, Theorem 2].

Theorem C.3. Let F: V — R be a function of class €°. F has a minimum point u €V if
Fl,(v)=0forallveV andF)(v,v) >0 forallv e V ~{0y}.

In the following propositions, we introduce several examples of 62 functions on
Banach spaces, which we shall use repeatedly throughout this work.
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Proposition C.4. Fixed xo € R and let F: V — R given by F(v) = xy. Then, F is of class
€%inV,F! (v)=0andF!l(v,w)=0 forallu,v,weV.

Proof. We have that F(u + tv) — F(u) = xo — xo = 0 for any u,v € V and t € R. Thus,
F!,(v) =0 for any u, v € V and consequently F is of class €' on V.
Onthe otherhand, F, ,,,(w)-F),(w) = 0forany u, v, w € V and r € Rso that F}, (v, w) =

u+tv
0 for any u, v, w € V. Thus, F is of class 6% on V. O

Proposition C.5. IfLe V* then L is of class 6% inV, L' = L and L" = 0.

Proof. Forany u,veVand teR,

L(u+ tl;) - L(u) — L),

so L’,(v) = L(v) for all u, v. Hence L' is constant, continuous and its derivative is the
zero bilinear form:

Li(v,w)=0 VYuuvwelV.

Therefore L is of class €2. O

Proposition C.6. Let H = (H,(:,"), |- |lx) be a Hilbert space over R. The function F: H —
R given by F(u) = 3 | ull?, is of class € in H, F,(v) = (u, v) and F}(v, w) = (v, w) for all
u,v,weH.

Proof. Let u€ H. For every v € H and ¢ € R we have that:

2

1 t
Flu+ tv) = F) = o (Il =26, v) + 21l = ulf) = tw v) + vl
Hence,
Flu+tv)—F(u t
lim# = lim((u, V) — —||U||%_I) =(u,v) VYveH.
—0 t —0 2

That is, F},(v) = {(u,v) for all v € H and it is clear that F}, € H* by Fréchet-Riesz
representation theorem (see [1, Theorem 5.5]). Let (1) be a sequence on H such that
lug — ullg — 0 as k — oco. By Cauchy-Schwarz inequality,

|Fy, () = F (0] = Kug —w, v)| < lug —ullglivlg  YveH.

Thus, F’ is continuous and F is of class ¢! on H.
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Now, forany v,we Hand teR, F! . (w)—F,(w) = (u+tv, w)—{u, w) = t{v, w) and

u+tv
consequently:
F' w)—-F (w
ltirré o 1 u(W) =(v,w) Vv,weH.
Therefore, FZ (v, w) = (v, w) for all v, w € H and is a bilinear continuous form. This
shows that F is of class 2. O
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DOUBLE EXTENSIONS OF LIE ALGEBRAS ARE MORE COMMON THAN YOU
THINK

M. C. RODRIGUEZ-VALLARTE, G. SALGADO

ABSTRACT. The purpose of this expository survey is to demonstrate, in a
self-contained manner, that the double extension process enables the con-
struction of nearly all n-dimensional families of real or complex Lie algebras
(where n = 3,4,5). Most of low-dimensional indecomposable solvable Lie
algebras can be obtained as a double extension of a Lie subalgebra of codi-
mension 2. In contrast, all nilpotent Lie algebras can be obtained through
this process.

INTRODUCTION

The main motivation of this survey is to show how linear algebra, combined with
basic knowledge of Lie algebra theory, leads to significant and non-trivial results to
construct and understand families of low-dimensional Lie algebras. Specifically, we
construct families of low-dimensional Lie algebras using the double extension process.
This process involves extending an n-dimensional Lie algebra to a (1 +2)-dimensional
one by introducing new elements satisfying specific algebraic relations. Consequently,
under certain conditions, the double extension process allows to provide inductive
constructions of families of finite-dimensional Lie algebras. For example, all nilpotent
Lie algebras can be obtained in this way.
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The theory of Lie groups and Lie algebras constitutes an important framework not
only within mathematics but also across physics and, more recently, in some engineer-
ing domains. Classifying Lie algebras presents a challenging task, even in low dimen-
sions. Various approaches and classifications exist in the literature, each guided by
distinct ideas. For a comprehensive exploration of the development of these classifica-
tions see [5] and the references given there. In recent years, the double extension pro-
cess has proven to be useful to obtain an inductive construction of finite-dimensional
Lie algebras admitting a geometric structure. This concept was introduced by V. Kac
(see [9], §2, exercise 2.10) to build finite-dimensional quadratic Lie algebras, i.e., finite-
dimensional Lie algebras endowed with an invariant metric. A few years later, A. Med-
inay P. Revoy [10] generalized this idea to prove that every finite-dimensional quadratic
indecomposable Lie algebra can be obtained as a double extension of a quadratic sub-
algebra by an appropriate subspace. Therefore, this fact reduces the study of finite-
dimensional quadratic Lie algebras to the study of finite-dimensional indecomposable
quadratic Lie algebras. Recent research has focused on double extensions for specific
types of Lie algebras, such as symplectic and contact Lie algebras. For those keen on
exploring further, a more thorough study of the attained results and their significance
can be found in [11], [3], [13], [1], and [2].

To illustrate the usefulness of the double extension, we focus on dimensions n = 1
through n = 5 to show how most n-dimensional Lie algebras can be obtained as a dou-
ble extension of a suitable (7 — 2)-dimensional Lie algebra. We employ the classifica-
tion of low-dimensional indecomposable Lie algebras given by L. Snobl and P. Win-
ternitz [15], since as far as we know, it is the most recent and comprehensive. Thus,
for the sake of completeness of this self-contained expository survey, the work is or-
ganized as follows: in Section §1 we provide basic concepts of Lie algebras such as
nilpotency, solvability, semisimplicity and the Levi-Maltcev Theorem. Additionally, we
discuss central extensions and extensions by a derivation, both of which play a crucial
role in defining double extensions. We present some examples of families of Lie alge-
bras that cannot be obtained in this way, and we also show that every element within
the family of nilpotent Lie algebras can be obtained through a double extension from a
Lie subalgebra of codimension 2. In Section §2 we explicitly describe low-dimensional
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Lie algebras as double extensions of Lie subalgebras of codimension 2, if possible. Fur-
thermore, we show that most of the indecomposable solvable 5-dimensional Lie alge-
bras can be obtained through the double extension of a 3-dimensional Lie algebra.

1. BAsic CONCEPTS

Throughout this work, F stands either for R or C; i.e. the real or complex fields. Let V
be a finite-dimensional vector space over F and let V* := Homg (V, F) be the associated
dual vector space to V.If{ey, ..., e,} is abasis of V then {e!,...,e"} denotes its associated
dual basis in V*, i.e., ei(ej) = 6{, forall 1 = 1i,j < n, where 5{ is the Kronecker delta
function.

A Lie algebra over [ is a pair (V,[-,-]) where V is a finite-dimensional vector space

over [ and [-,] is a multiplication on V, i.e., [,:] : V. x V — V is a bilinear function
satisfying:
M [w,vl=-[vul,

2) [lu,v], w]+[[v,w], u]l + [[w,u],v] =0

forall u,v,weV.

The multiplication [-,-] is called the Lie bracket. Equation (1) implies that the Lie
bracket is skew-symmetric. Equation (2) is called the Jacobi identity and it plays a cru-
cial role in the theory.

From now on we follow the usual notation for a Lie algebra, i.e., we denote by g the
pair (V, [-,-D.

Given a Lie algebra g, a Lie subalgebra by of g is a vector subspace h) < g such that
[x,y] € h for all x,y € b, in other words, a Lie subalgebra § of g is a vector subspace
closed under the Lie bracket of g. An ideal ) of g is a vector subspace such that [x, y] € h
forall x € h and all y € g. Clearly, if  is an ideal of g then b is also a Lie subalgebra of g.
However, we will see later that it is not true that every subalgebra is an ideal. Observe
that h = {0} and b = g are always ideals of g, these ideals are called trivial ideals.
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Examples:

1)

)

3)

4

Consider a vector space V over [F and define [«, v] = 0 for all u, v € V. In this way
we obtain the abelian Lie algebra. If V has finite dimension, say dim V = n, we
denote this Lie algebra by a,,. Certainly every vector subspace of V is an ideal
of a,.

Let V = R3 and define [u, v] = u x v for all u, v € V, that is, the Lie bracket is the
cross product. A straightforward calculation shows that (V, [-,-]) is a Lie algebra
that it is usually denoted by s0(3). If {1, e», e3} is the canonical basis of R%, then
le1,e2] = e3, [e2,e3] = e; and [es3, e;] = e,. Using these relations one can prove
that if b is a non-zero ideal of s0(3), then h = s0(3), i.e., s0(3) has only trivial
ideals. On the other hand, clearly h = (e;) is a 1-dimensional Lie subalgebra of
50(3) since [e1, e1] =0 € h, however it is not an ideal since [e}, e2] = e3 €.
Consider V = Mat(n x n,F) and define [A, B] = AB — BA for all A, B € Mat(n x
n,[F), that is, the Lie bracket of two matrices is given by its commutator. This
Lie algebra is denoted by gl(n) and it is called the general linear Lie algebra. If
I, denotes the identity matrix, then [, A] = 0 for all A € gl(n) and thus h = (I,;)
is an ideal of gl(n). Moreover, if we define sl(n) := {A € gl(n) | Tr(A) = 0}, then
sl(n) also is an ideal of gl(n) and (I,,) Nnsl(n) = {0}, therefore, at least as vector
spaces, we have that

gl(n) = (I,) @ sl(n).

Let W be a vector space over F. Consider V := End(W) the vector space of [-
linear endomorphisms of W, and define the Lie bracketon V as [T,S] = To S —
So T for all T, S € V. Again, we obtain a Lie algebra that it is denoted by gl(V).
When W has finite dimension, say dim(W) = n, we can fix a basis § of W and
consider the linear isomorphism ®g : End(W) — Mat(n x n,F) assigning to T
its matrix representation with respect to the basis g, i.e., T — @4(T) = [Tlp.
Clearly the isomorphism ®4 depends on the choice of the basis  of W. Since
[T o S]p =[T]glSlp, itis immediate that the following equation holds:

O4([T, Slgiy) = [Pp(T), Dp(S)]gicn)-
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Let g and h be Lie algebras over the same field . A morphism of Lie algebras from g
to b is a linear transformation ¢ : g — h satisfying:

@([x, y1g) = [p(x), (Mg

for all x,y € g. An invertible morphism of Lie algebras is called an isomorphism of
Lie algebras, and in this case we say that the Lie algebras are isomorphic. Since the
composition of morphisms of Lie algebras is again a morphism of Lie algebras, we can
define the group of automorphisms of a Lie algebra as follows:

Aut(g) :={p: g — gl ¢ is anisomorphism of Lie algebras }.

If ¢ : g — b is a morphism of Lie algebras, it can be easily verified that € := Ker(¢p) is
an ideal of g, whereas i := Im(¢) is a Lie subalgebra of y.

If V is a finite-dimensional vector space with a fixed basis 3, the reader can verify
that ® g:ol(V) — gl(n) defined by ®4(T) =[T]pisan isomorphism of Lie algebras.

Given a Lie algebra g over the field F, a linear transformation D € End(g) is a deriva-
tion of g if D([x, y]) = [D(x), y] + [x, D(y)] for all x, y € g. It is easy to show that the com-
position of two derivations is not a derivation, however their commutator is a deriva-
tion. Therefore,

Der(g) := {D € End(g) | D([x, y]) = [D(x), y] + [x, D())]}

is a Lie subalgebra of gl(g) (c.f. Example (4) above). Moreover, for x € g let ad(x) denote
the linear transformation in g defined by ad(x)(y) := [x, y] for all y € g, then itis asimple
matter to check that the following statements are equivalent: (a) ad(x) € Der(g), forall x
in g, and (b) the Jacobi identity holds in g. Derivations of the form ad(x) are called inner
derivations. Denote by ad(g) the subspace of Der(g) consisting of inner derivations. It
is not difficult to prove that ad(g) is an ideal of Der(g). Elements in Der(g) which are
not in ad(g) (if any) are called outer derivations.

We say that there exists a linear representation of g in the vector space V if there
exists a morphism of Lie algebras p : g — gl(V/). When V is a finite-dimensional vector
space we can even ask for the existence of a morphism of Lie algebras p : g — gl(n) such
thatdimV = n.
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In particular, every Lie algebra can be represented in itself through its adjoint rep-
resentation defined as follows,

ad:g—gl(g), where ad(x)(y):=Ix,yl

for all x, y € g. The fact that ad : g — gl(g) is a representation is equivalent to request
that the Lie bracket [,-] : g x g — g satisfies the Jacobi identity, and it also is equivalent
to state that ad(x) is a derivation of g for all x € g.

Also, it is usual to define the ideal Z(g) := Ker(ad) :={xeg|[x,y] =0, Vy € g} and it
is called the center of g. Evidently, the adjoint representation ad : g — gl(g) is injective
if and only if Z(g) = {0}. From the previous examples we can conclude that Z(a,) = a,
for all n € N, whereas Z(s0(3)) = {0} and Z(gl(n)) = (I,,) for all n € N.

1.1. Solvable, nilpotent and semisimple Lie algebras. Let g be a Lie algebra and let
h,m < g be vector subspaces of g. Define,

[h,m] :=Spang{lx,yl| x€bh, yem}.

In particular, if h and m are ideals of g, then [, m] is an ideal of g. We apply this result
to the particular case h =m =g.

Given a Lie algebra g, it is defined the derived series of g to be the series with terms

where gV := [g, g] is called the first derived ideal of g and g™V := [g"¥,g""] = (g(”))(l)
for all n = 2. This series is stabilized when g is a finite-dimensional Lie algebra, that is,
there exists m € N such that g"*"” = g forall r € N.

On the other hand, the lower central series is defined as follows:
g::gljgzj...ggnj...
where g? := [g,g] and g"*! := [g,g"] for all n > 2. This series is also stabilized when g is

a finite-dimensional Lie algebra, that is, there exists m € N such that g™*" = g™ for all
reN.
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The Lie algebra g is said g solvableif there exists m € N such that g™ = {0}. g is said
nilpotent if there exists m € N such that g™ = {0}; the nilpotency index or nilindex of g
is the natural number k such that g" # {0} if r < k and g* = {0}.

The concepts of solvability and nilpotency imply that the respective series are sta-
bilized in the trivial ideal {0}.

A direct calculation shows that g < g1 for all n € N and therefore, if g is a nilpo-
tent Lie algebra then g is also a solvable Lie algebra. Usually, when we consider a solv-
able Lie algebra we are implicity assuming that it is non-nilpotent.

The following Theorem is a well-known result:

Theorem 1.1 ([7], §1.3). Let g be a Lie algebra.

(1) Ifh andwm are solvable ideals of g, then t) +m is a solvable ideal of g.
(2) Ift andwm are nilpotent ideals of g, then h) +w is a nilpotent ideal of g.

From this result we have an immediate Corollary:

Corollary 1.2 ([7], §1.3). Let g be a Lie algebra. Then there exists a unique maximal
solvable (respectively, nilpotent) ideal called the radical (respectively, nilradical) of g.
This ideal is denoted by Rad(g) (respectively, NilRad(g)).

This Corollary suggests the following definitions, a Lie algebra g is called semisimple
ifits radical is trivial, i.e., Rad(g) = {0}; whereas g is called simpleif dim g > 1 and its only
ideals are the trivial ones, i.e., if fj is an ideal of g then either h = {0} or h = g. We claim
that every simple Lie algebra g is also semisimple. First, observe that if g is a simple Lie
algebra, then [g, g] = g. Otherwise, if [g, g] = {0}, this would imply that g is an abelian
Lie algebra of dimension greater than one. Thus, any non-trivial subspace of g would
be a (non-trivial) ideal, which contradicts the fact that g is a simple Lie algebra. Now,
suppose that g is not a semisimple Lie algebra, that is, its radical Rad(g) is a non-trivial
solvable ideal. The simplicity of g implies that g = Rad(g). On the other hand, due to
the fact that g = [g, gl, it follows that g™ = g # 0 for all n € N, but this contradicts the
fact that g = Rad(g). Therefore g is semisimple.

The following Theorem is also a well-known result:
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Theorem 1.3 ([7], §5.2). Let g be a finite-dimensional Lie algebra over the field F. The
following statements are equivalent:

(1) g is semisimple, i.e., Rad(g) = {0}.

2) g=g19---®g, whereeach g; (i=1,...,r)isasimple ideal of g.

Our work employs this characterization of semisimplicity. However, the literature
offers several equivalent characterizations of semisimplicity. For instance, see [7], [4],
[8], [12] and [14].

1.2. The Levi-Maltcev Theorem. Let g and h be Lie algebras over the field F. Suppose
that there is a representation of g into h acting by derivations, i.e., there is a Lie algebra
morphism

p:g—glb),
such that p(x) € Der(h) for all x € g. Now define a Lie bracket in g @ § as follows:

[x+a,y+Db]:=[x,ylg+px)(a)—p(y)(b)+[a, by,

for all x, y € g and for all a, b € . This new Lie algebra is called the semidirect sum of
g and b and it is denoted by g x h. Evidently g,h < g x h, and observe that g is a Lie
subalgebra of g x ) whereas b is an ideal of g x fj. Furthermore, if p(x) =0 for all x € g,
then the resulting Lie algebra is called the direct sum of g and h and it is denoted by g&b.
Observe that the sum mentioned in the second statement of Theorem 1.3 corresponds
precisely to a direct sum of Lie algebras.

Theorem 1.4 ([8], §3.9). Let g be a Lie algebra, then there exists a semisimple Lie subal-
gebra g;, of g such that
g = g1 X Rad(g).

The subalgebra g;, of g is called a Levi subalgebra of g. Theorem 1.4 is known as the
Levi’s Theorem or the Levi-Maltcev Theorem.

The importance of the Levi-Maltcev Theorem lies in its consequential insight: to
classify Lie algebras, it suffices to focus on two fundamental families —the semisimple
Lie algebras and the solvable Lie algebras. Semisimple Lie algebras have been studied
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by several mathematicians. Among these, the contributions of E. Cartan and W. Killing
stand out prominently.

Cartan’s classification of semisimple Lie algebras relies on two fundamental facts
associated with the Lie algebra g: first, the existence of an invariant, non-degenerate,
symmetric bilinear form on g, known as the Cartan-Killing metric; second, the exis-
tence of a special Lie subalgebra —called the Cartan subalgebra, having the property
that the restriction of the Cartan-Killling metric to this Lie subalgebra is positive defi-
nite. The second fact allows for the study of so called root systems associated with the
Cartan subalgebra from a geometric perspective.

1.3. Two extensions and the double extension process.

1.3.1. Extending a Lie algebra by a derivation. The first process to extend a Lie algebra
comes from the construction of the semidirect sum. More specifically, let g be a Lie
algebra and let D € Der(g) be a derivation of g. Consider the vector space defined by

g(D):=(D)ay,

where (D) := Spang{D} and define its Lie algebra structure as the semidirect sum, i.e.,
g(D) := (D) x g, where

[x+aD,y+bD]:=[x,ylg +aD(y) - bD(x),

forall x,y € g, a,b e F. Clearly, g is an ideal of codimension one in g(D). Then, the
following question arises naturally:

Under what conditions do there exist an ideal g of codimension one in
a Lie algebra ) and a derivation D € Der(g) satisfyingh = g(D)?

In other words, we want to determine the conditions for which a Lie algebra ) can be
expressed as the image of a codimension-one ideal g under a suitable derivation D. To
completely answer this question, let us recall that the first derived ideal of a Lie algebra
b is denoted by [h, h] and satisfies that [h, h] < b. First, suppose that dim[h, h] < dimb.
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Let g be a subspace of codimension one in fj such that [h, §] < g. Observe that g is an
ideal of h since if x € g and y € ) then

[x,yl€lg,bl=b,bl<g.

Let z € h such that z ¢ [, h] and h = (z) @ g, we shall prove that h = (ad(z)) x g = g(ad(z)).
For doing this, define ¢ : h = (z) ® g — (ad(z)) @ g in the following way, z — ad(z) and
x+— x for all x € g. Evidently, ¢|g = Idg and therefore it is a morphism of Lie algebras.
Finally observe that ¢([z, x]) = [z, x] if x € g since g is an ideal, whereas [¢p(z),(x)] =
[ad(2), x] = ad(z)(x) = [z, x] for all x € g. Thus, ¢ is an isomorphism of Lie algebras.

On the other hand, if h = [h, h] then it is not possible that there exists an ideal g of
codimension one in h neither a derivation D € Der(g) such that h = g(D) since

(g(D),g(D)] =[ge(D),ge (D) clg,gl+D(@<g#bh.
In summary, we have proved,

Theorem 1.5. Leth be a Lie algebra such that [h,h] # b, then there exist an ideal g of
codimension one in ly and a derivation D € Der(g) such that

h=g(D)=(D)Xg.
As a consequence, we obtain the following result:

Corollary 1.6. Let by be a non-trivial solvable Lie algebra (respectively, nilpotent) Lie
algebra. Then, there exists a solvable (respectively, nilpotent) ideal g of codimension
one, and a derivation (respectively, nilpotent derivation) D € Derx(g) such that

h=g(D)=(D)xg.

Proof. Let h be a solvable Lie algebra, if h = [h,h] = bV then h" = | for all n € N. Since
h is solvable then there exists m € N such that h = h = {0}, which is not possible.
Hence [h, h] # h and so, applying Theorem 1.5 we obtain the desired conclusion.

For the nilpotent case it remains to prove that the derivation D is also nilpotent. Let
h" = Spang{lx1, [x2,..., [xr-1,Xr]...]} where x; €h, 1 =i < r. If h" = 0, then

[xl) [xz;-“) [xn—l;xn] ] =0
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for all x; € b. In particular, if x; =--- = x,-1 = D and x;, = x € g it follows that
0= [xly [x2r---) [-xn—l»xn] ] = [Dy [D;---, [D;x] ] = anl(x),
that is, D is nilpotent. O

We also can state the following result:

Theorem 1.7. Let g be a Lie algebra and let D, E € Dex(g) be derivations of g. Then
9(D) = g(E) if and only if, there exist a € F — {0}, v € g and ¢ € Aut(g) such that

1
1) E:;((pODO(p_l—ad(v)).

Proof. First, suppose that @ : g(E) — g(D) is an isomorphism of Lie algebras. Because
of [g(D),g(D)] < g and [g(E),g(E)] < g, ® is given as follows: for all x € g, x — @(x)
where ¢ € Aut(g), whereas E — v+ aD with v € g,a € F—{0}. Since ®: g(E) — g(D) isa
morphism of Lie algebras, ®[D, x] = [®(D), ®(x)] for all x € g, then solving for E in this
equation we obtain

1
E= ;((pODO(p_l —ad(v)).

On the other hand, suppose that there exist a € F— {0}, v € g and ¢ € Aut(g) satisfying
Equation (1). Define @ : g(E) — g(D) by ®(x) = ¢(x) for all x € g and ®(E) = v+ aD.
Clearly @ is bijective. To show that ® is a morphism of Lie algebras it is enough to
verify that ®[D, x] = [®(D), ®(x)] for all x € g, and this follows from Equation (1). O

1.3.2. Central Extensions. Given a Lie algebra, we want to construct a new Lie algebra
having a non-trivial center. To do this, let e ¢ g be an element, and let {e) = Spanj{e}
be the vector space spanned by e. Consider now the direct sum of vector spaces g & (e).
We want to define a Lie bracket on this vector space in such a way that e becomes a
central element; that is, [x, e] = 0 for all x € g. It follows from this discussion that for all
X,y € g one must have that [x, y] € g ® (e), thus

X,y =[x, ylg +0(x,y)e,

where 0 : g x g — [F should be a bilinear function.
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Observe that if (g @ (e), [-,-]) is a Lie algebra, the skew-symmetry of the bracket [-, ]
implies that 6 should be skew-symmetric, i.e., 8(x, y) = —6(y, x) for all x, y € g. On the
other hand, notice that

[[x,y], 2] = [[x, ylg +0(x, Ve, z] = [[x, ¥]g, 2l g +O([x, ¥]g, 2e,
hence the Jacobi identity holds if and only if,
) 0([x, y1g,2) +0([y, 2], x) +0([z, x] g, ¥) =0
forall x,y,z€g.

Denote (g @ (e), [,-]) by gg(e). This Lie algebra is called a central extension of g by 6.
The skew-symmetric bilinear functions 6 : g x g — [ satisfying Equation (2) are called
2-cocycles or 2-closed forms.

In fact, we can prove the following result:

Theorem 1.8 ([6]). Let g be a Lie algebra and let a, : g x g — F be skew-symmetric
bilinear functions satisfying Equation (2). Then gq(e) = gg(e) if and only if; there exists
f eg* such that a(x,y) - f(x,y) = f([x,y]) forall x,y € g.

Proof. Suppose that ¢ : gq(e) — gg(e) is an isomorphism of Lie algebras. We know
that ¢ maps the center of g, (e) into the center of gple), then, it is enough to consider
¢ given as follows: for all x € g, ¢(x) = x+ f(x)e with f € g* and ¢(e) = e. Since ¢ :
ga(e) — gp(e) is a morphism of Lie algebras, then ¢[x, y] = [¢(x),p(y)] forall x, y € g. It
then follows that a(x, y) — B(x,y) = —f([x,y]) forall x, y € g.

Assume now that there exists f € g* such that a(x, y)—B(x, y) = f([x, y]) forall x, y €
g. Define ¢ : gq(e) — gg(e) by ¢(x) = x+ f(x)e for all x € g, and ¢(e) = e. Clearly, ¢
is bijective. To show that ¢ is a morphism of Lie algebras, it is enough to check that
@lx, ¥l = [p(x),p(y)] for all x, y € g, and this follows from Equation (2). O

The following example shows that we can begin with non-isomorphic Lie algebras,
say g and b, to perform a central extension on each one of them by some 2-cocycles a
in g and B in b, respectively, to obtain isomorphic Lie algebras, thatis, g,(e) = b gle.
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Example 1.9 (Non-isomorphic Lie algebras whose central extensions are isomorphic).
First, consider the 3-dimensional abelian Lie algebra, as := (e;, e2,e3). Leta :azxaz — F
be the skew-symmetric bilinear 2-cocycle defined by a(e;, e2) = 1, and a(ez,e3) =0 =
a(es, e1). A direct computation shows that (a3)y(es4) = {e1, €2, €3, e4) is a central exten-
sion of az by a and this central extension only has a non-trivial Lie bracket defined
by

[e1, e2] = ea.

On the other hand, consider the Lie algebra h3 = (ej, e2, e3) defined by [e, e2] = e3.
It is easy to check that az and b3 are non-isomorphic Lie algebras, if they would be
isomorphic, then every bracket in h3 would be zero. Define a trivial 2-cocycle B : b3 x
hs — F as B(x,y) = 0 for all x, y € h3, and construct the central extension of h3 by S,
(h3)gleq) = {e1, ez, €3, e4). Since f is trivially defined as zero, the only non-trivial bracket
in this central extension is given by

[elr eZ] = e3.

Now, define @ : (az)q(eq) — (h3)g(es) by €1 — ey, e2 — ez, e3— ey and ey — e3. A
straightforward calculation shows that @ is an isomorphism of Lie algebras.

1.3.3. Double extensions. This process was introduced by V. Kac to construct finite-
dimensional Lie algebras endowed with an invariant metric (see [9], §2, exercise 2.10).
Let g be a Lie algebra and let 8 be a 2-cocycle. First, construct the central extension of
gby0,i.e., gg(e). Then, consider a derivation D € Der(gy(e)) and construct the semidi-
rect sum of (D) and gg(e) to obtain:

9(D,0) :=(D) x gg(e)
the double extension of g by the pair (D, 6).

In view of the Example 1.9, it is clear from the definition that we can have non-
isomorphic Lie algebras as g = a3 and h = h3, whose double extensions are isomorphic.
In this case it is enough to extend (a3)y(e4) = (h3) ples) by any derivation D to obtain

a3(D) a) = b3(D, ﬁ)
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Thus, Example 1.9 demonstrates that the double extension process enables the con-
struction of large families of Lie algebras. However, it does not serve as a useful tool for
classifying these families.

1.4. Lie algebras that cannot be described as double extensions. We mention before
that it is not possible to construct all Lie algebras through the process of a double ex-
tension. Thus, we show some examples of Lie algebras and families that cannot be
obtained using this process. The first examples appear in dimension 3.

Example 1.10. Consider the Lie algebra s((2) = (H, E, F) where the Lie brackets are
defined by

[H,El=2E, [HF]|=-2F |[EF]=H.

Since sl(2) = [s(2),s[(2)], there does not exist an ideal g of codimension one in s[(2)
neither a derivation D € Der(g) such that

sl(2) = g(D).
In fact, one can prove that s[(2) only has trivial ideals.
Example 1.11. Letso(3) = (e, e2, e3) be the Lie algebra with brackets defined by
ler,e2]l =e3, [ex,e3l=e1, [es,e1]l=ea.

As in the s[(2) case, one can prove that so(3) only has trivial ideals and hence, s0(3)
cannot be obtained as a double extension of a Lie subalgebra of codimension one.

The Lie algebras s[(2) and so(3) are simple Lie algebras, i.e., they are Lie algebras
having dimension greater than 1 and such that they only have trivial ideals. There-
fore a simple Lie algebra cannot be described as a double extension. Moreover, since
every semisimple Lie algebra is a sum of simple Lie algebras, one also obtains that a
semisimple Lie algebra cannot be described as a double extension.

In the following example we present a Lie algebra that is neither simple nor semisim-
ple and that it cannot be described as a double extension.
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Example 1.12. Define h) = s[(2) x R?> where sl(2) = (H,E, F), R? = {e}, e,) and the Lie
brackets are defined by

[H,El=2E, [H,F]=-2F |[E,Fl=H,

[Hel=e, [Hel=-e, [Eel]=0,

[E,e2]=e1, [Feill=e2, [Fe=0, [e1,ex]=0.

Suppose that h admits an ideal g c h of codimension one, and that there exists a
derivation D € Der(g) such that h = g(D). Let x€ g < b, then

x=aH+bE+cF+ge; + hey,

since g is an ideal, then
g3[x,Fl=-2aF+bH-gey,
and one also has that
g3 [[x,F],El =2aH +2bE.

If a # 0 then, multiplying again by E, we obtain that E € g and this implies that
H,E,Feg,ie,sl(2)cg.Ifa=0and b #0, then E € g and again one has that H,E, F € g,
i.e., 51(2) c g. Analogously, if a = b =0, then F € g and hence H,E,F € g, i.e., sl(2) c g.
Finally, observe that it is not possible to have a = b = ¢ = 0 for all x € g, since this would

imply that the dimension of g is at most 2, but we know that § is a 5-dimensional Lie
algebra and g is an ideal of codimension one in b.

We have proved that if g < j is an ideal of codimension one, then s[(2) c g. Since g
is a 4-dimensional ideal, then there exists a vector u € R — {0}, say u = ae; + be,, such
that

g=sl2) &(u).
The last equality implies that [H, u] € (u), i.e., [H, u] = Au. However

Alaey + bey) = [H, aey + bey] = ae; — bey

if and only if
Aa=a, and Ab=-b.
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If a, b # 0 we obtain a contradiction since A must be equal to 1 and -1. Thus, with no
loss of generality, we can suppose that a # 0 and b = 0, that is, u = ae;, and since a # 0,
then we can normalize to assume that

u=ej.

Observe that [F, e;] € {e;) leads to a contradiction, since [F, e;] = e & {e1). An analogous
argument shows that the case a = 0 and b # 0 also produces a contradiction.

We can conclude that it is not possible to describe h as a double extension of an
ideal g of codimension one and a derivation D € Der(g).

The next example provides a 5-dimensional solvable Lie algebra that cannot be de-
scribed as a double extension of a 3-dimensional Lie algebra.

Example 1.13. Consider a3 = (e, e2, e3) and let S, T € Der(as) be derivations such that
with respect to the basis {ej, e, e3} have the following matrix representations,

1 0 0 1 0 0
[SI=]0 1 0|, and [T]I=]0 0 1
0 0 1 0 -1 0

Let e4 := S and e5 := T and define h = (es,e5) X a3. If h = g(D) with g c § being an
ideal of codimension one in b, then Z(g) # {0}. However, it can be proved that if g is an
ideal of codimension one in ), then Z(g) = {0}. Hence it is not possible to describe f as
double extension of a 3-dimensional Lie algebra.

In the last example observe that ay = {(e4, e5) and thus, the Lie algebra structure of
Example 1.13 is ap X a3. A similar analysis shows that the Lie algebras of the form ay;, x
az,+1, constructed in a similar way as before, cannot be obtained as double extensions.

Summarizing, the following families of Lie algebras cannot be described as double
extensions: simple Lie algebras, semisimple Lie algebras and the family of Lie algebras

A2 X A2p41.
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1.5. Nilpotent Lie algebras. While constructing every Lie algebra using the double ex-
tension process is not feasible, we can pose the following question:

Is there a family of Lie algebras where each element can be obtained
through the double extension process from another Lie algebra within
the same family?

The answer is affirmative. The family of nilpotent Lie algebras satisfies these condi-
tions.

To prove this, first observe that if § is a nilpotent Lie algebra, then b # [, h], hence,
as a consequence of Corollary 1.6, we can conclude that there exists an ideal g c f of
codimension one and a derivation D € Der(g) such that

h=g(D)=(D)xg.

Another immediate consequences are that g is nilpotent and D is a nilpotent deriva-
tion of g. Then, we only need to prove that g is a central extension of some Lie algebra.
To do this, we have to use the fact that the nilpotency of g implies that Z(g) # {0}.

Suppose that g is a non-abelian nilpotent Lie algebra, then Z(g) n[g, g] # {0}. To see
this, assume that g™ = {0} and that gj #1{0} for 1 < j < m. Since {0} = g"" = lg,g™ '], we
have that {0} # g”*~! < Z(g) and g~ < [g,g] = g°. Therefore Z(g) N [g, g] # {0}.

Let e € Z(g) N [g,g] such that e # 0. Since e € [g, g], it follows that there exist skew-
symmetric bilinear maps 6: gx g — Fand F: g x g — [g, g] such that [x,y] =0(x, y)e+
F(x,y)forall x,y eg.

Choosing a basis of [g, g], namely, {e, x1,..., x;}, we have that F(x, y) can be written
as a linear combination of {x), ..., x,;}. Thatis, F(x, y) = c1(x, y)x1 +---+ ¢, (x, y) x,. Thus

[x,y1 =0(x,y)e+ci(x, y)x1 + -+ cr (X, ) xr

forall x, y € g. Moreover, if we extend {e, x1, ..., x,} to abasis of g, say {e, x1, ..., X, Y1,.--, ¥s},
we can state that n = (xy,..., X, 1,..., Vs) is a nilpotent Lie algebra since e € Z(g). The
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Lie algebra structure of n is defined by the multiplication map F. Clearly, the skew-
symmetric bilinear map 0 is a 2-cocycle of the Lie algebra n. Therefore, g is a central
extension of the Lie subalgebra n by 6,

g=ng(e).

If the Lie algebra g is nilpotent and abelian, then g = a, where r = dimg, thus, g =
a, = a,_1 ®a; and hence it is a central extension of a,_1.

We have proved the following:

Theorem 1.14. Letl be a nilpotent Lie algebra, then there exists a nilpotent Lie algebra
n, a 2-cocicle 6 of n and a nilpotent derivation D € Der(ny(e)) such that

h=n(D,0) = (D) x ng(e).

2. CONSTRUCTION AND CLASSIFICATION OF LOW-DIMENSIONAL LIE ALGEBRAS

It follows from Theorem 1.14 that we shall focus our attention into the classification
of low-dimensional solvable Lie algebras. Specifically, we want to show that most of
them can be obtained through the double extension process. Recall that two Lie alge-
bras are isomorphic if there exists a bijective morphism of Lie algebras ¢ : g — h. In
particular we shall use the following result.

Theorem 2.1. Let g and b be isomorphic Lie algebras and ¢ : g — §) be a isomorphism of
Lie algebras. Then:

(1) o Z(@) =Z(H).
) (g, 9 = le(@),p(@] =[b,bl.

Proof. To prove the first statement, suppose that ¢ : g — h is an isomorphism between
gandf. Let x € Z(g), and let h € b, since ¢ is an isomorphism there exists y € g such
that h = ¢(y), thus:

[p(x), Al = [p(x), (W] = @(x,y]) =p(0) =0,
hence ¢(x) € Z(h) and ¢ (Z(g)) c Z(h).
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Suppose now that h € Z()) and that h = ¢(x), with x € g. Let y € g, then
o([x, D) = [px), (] = [h,@()] =0,
since ¢ is injective, we conclude that [x, y] = 0, therefore x € Z(g), i.e., Z(h) < p(Z(g)).

To prove the second statement it is enough to observe that ¢([x, y1) = [¢(x), ()]
for all x, y € g, where ¢(g) = b. O

In other words, Theorem 2.1 implies that there exists some ideals that are preserved
under isomorphisms. This fact establishes necessary but not sufficient conditions so
that two Lie algebras are isomorphic.

2.1. Dimensions 1 and 2.

2.1.1. 1-dimensional Lie algebras. Suppose that g and h are 1-dimensional Lie alge-
bras. Since the Lie bracket is skew-symmetric, we can conclude that [-,-]g =0 = [, ]y.
Let g = (e) and h) = (f), then ¢ : g — b defined by ¢(e) = f is clearly an isomorphism of
Lie algebra, thus, up to isomorphism, there is only one 1-dimensional Lie algebra.

2.1.2. 2-dimensional Lie algebras. Let g be a 2-dimensional Lie algebra and suppose
that g = (ey, e2). Since [-,-] : g x g — g is a skew-symmetric bilinear function, it is defined
by its values in the pair of basic elements, however, it is clear that [e1, e;] = [e2, e2] =0,
and hence the Lie bracket is completely determined by its value in the pair (ej, e2).
Furthermore, since {ej, e»} is a basis, we must have that

[e1,e2] = aey + bey =: u,
for some a, b € F. In other words [g, g] = (), in particular dim[g, g] < 1, and dim|[g, g] =
1ifand only if u # 0.
If [g, g] = {0}, then [e}, e2] =0 and g = ay.

If [g,g] = (u) # {0}, then fix the vector u as the second basic element if b # 0, i.e.,
g = (e1, u = aej + bey), so we have that [e;, u] = bu. Thus we can state that there exists
abasis {f1, fo} of g such that [fi, 2] = f>. Indeed, it is enough to define f; = (1/b)e; and
f> =u. The case a # 0 is analogous.

We have proved
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Theorem 2.2. Let g be a 2-dimensional Lie algebra, then g is isomorphic to:

(1) ay ifand only if [g, g] = {0}.
(2) af(2) = (e1,e2) and [e1, e2] = e, if and only if g, 9] # {0}.

Now we show that these solvable Lie algebras can be obtained by some extension
process mentioned in the previous section. Let us start with the 1-dimensional abelian
Lie algebra, a;. It is clear that any skew-symmetric bilinear function 8 : a; xa; — F
is trivial, i.e., 8 = 0, thus (a;)g(e2) is the 2-dimensional abelian Lie algebra. In other
words, the central extension of a; by the only non-trivial 2-cocycle that can be defined,
produces the 2-dimensional abelian Lie algebra.

On the other hand, one has that Der(a;) = End(a;). Consider D : a; — a; defined by
D(e;) = e; and let ay (D) := (D) X a;, the only non-trivial bracket is given by

[D,e1] = D(e1) = ey.
Evidently, this Lie algebra is isomorphic to the Lie algebra af(2).

This discussion allows to state that

Theorem 2.3. Every 2-dimensional Lie algebra can be obtained either as a central ex-
tension of a) or as an extension of a; by a derivation.

2.2. Dimension 3. Assume that g is a 3-dimensional Lie algebra and that [g, g] < g sat-
isfies that [g, g] # g. Clearly this implies that dim[g, g] = 1,2. We show that in any case
[g,g] < a2 and hence it always exists an abelian ideal of codimension one in g.

Suppose that dim[g, g] = 1. We know that the Lie bracket [-,-] : g x g — g is defined
by its values in the pair of basic elements, say (e, e2), (e1,e3) and (e», e3). Since the
rank of this bilinear function is one, then its kernel is 2-dimensional, so with no loss of
generality we can suppose that

le1,e2] =[e1,e3] =0 and [ez,e3] #0,
this implies that [ey, e3s] = ae; + be, + ces, with a, b, c € F. If b # 0 we can replace e, by

u = aej + be, + ces to obtain

ler,u] =[e1,e3] =0, and [u,es3]=Dbles,e3] =bu#£0.
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Certainly, we can choose a multiple of u, that we call again ey, in such a way that

ler,e2] =[e1,e3] =0 and [en, e3] = eo.

If ¢ # 0, an analogous argument shows that one can choose a basis of g such that:

ler,e2] =[e1,e3] =0 and [ey, e3] = eo.

Finally, if b = ¢ = 0 we can choose a multiple of e; in order to

ler,e2] =[e1,e3] =0 and [ey,e3] =e;.

In any case, it is clear that [g, g] is contained in the abelian Lie algebra spanned by
the basic elements e; and e,.

Suppose that dim[g,g] = 2. Let us say then that [g,g] = (e, e3) and that [ez, e3] =
aey + bes with a, b € F. Observe that ad(ey) : g — g is a linear transformation. Then
we can consider its restriction to [g,g] and obtain its matrix representation, namely
ad(e2)l(g,q = (g 2). However, since e; € [g,g] the trace of ad(ez) has to be zero, thus,
b = 0. An analogous argument shows that a = 0 and hence

[e2,e3] = 0.

Obviously, we can extend this basis with a vector e; € g and such that e; ¢ [g,gl,
therefore
[e1,e2] = aer +ces3, [e1,e3] =bes+des, [er,e3]1=0
for some a, b,c and d € F. Changing the order of the basis vectors of g in the case
dim[g, g] = 1, we have proved
Theorem 2.4. Let g be a 3-dimensional Lie algebra such that g # [g, 9], then there exists
a basis of g, {e1, e, e3}, such that

(1) [g,gl caz:={ez,e3),
(2) ad(ep)lq, = (a Z) € Der(ay), wherea,b,c,d € F.
c

Corollary 2.5. Every 3-dimensional Lie algebra g such that g # [g, g] can be obtained as
a double extension of a;.
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Proof. 1f g satisfies the hypothesis, it follows from Theorem 2.4 that g is obtained as an
extension of a, by a derivation, that is,
g=(ad(e)lq,) X as.

To finish the proof, just observe that a, = (a;)g(ez) is a central extension of a; by the
trivial 2-cocycle 6 = 0. O

Observe that we have described every 3-dimensional Lie algebra satisfying g # [g, g1
as an extension of a, by a derivation a, (D) = (D) X a,. Then the fact that ad(x) = 0 for
all x € a, together with Theorem 1.7 imply that

1
az(D) = ay(E), ifand onlyif E:—((p_IODO(p)
a

where a € F — {0} and ¢ € Aut(ay). Since a, is abelian we have that Aut(a,) is GL(2) the
isomorphism group of F2.

A careful analysis shows that:
Theorem 2.6. Let g be a 3-dimensional Lie algebra such that g # (g, gl. Preserving the

notation of Theorem 2.4, it follows that g is isomorphic to exactly only one Lie algebra of
the following list:

1 1
() p(F), ad(er)la, = (0 1)~

1 0
@) qa([F),ad(el)IcQ:(O /1),0<|/1|51.

A
3) g3 ®), ad(er)lq, = (1 1

),)LER.

1 0
4 qo[), ad(er)lq, = (0 0)-

0 0
(5) H(F), ad(e1)lq, =(1 0)-

0 0
(6) ag(l}:); ad(el)|a2 = (0 0)
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We also can state the following:

Theorem 2.7. Let g be a 3-dimensional real Lie algebra such that g = [g,g]. Then g is
isomorphic to:

(1) sl(2), or
(2) s0(3)(=s5u(2)).

2.3. Dimensions 4 and 5. First, we need a definition: a finite dimensional Lie algebra
is said decomposable if it can be written as a direct sum of non-trivial ideals. Other-
wise, we say that g is indecomposable. In general, classifying Lie algebras is a chal-
lenging task, and it becomes intricate even in low dimensions. The literature contains
various classifications for low-dimensional Lie algebras. L. Boza et al [5] provide an ex-
tensive list of references related to the development of Lie algebra classification. Our
focus in this section is to show that most of the 4- and 5-dimensional indecomposable
Lie algebras over F = R,C can be described as double extensions of Lie subalgebras of
codimension 2.

Theorem 1.14 establishes that every nilpotent Lie algebra can be obtained as a dou-
ble extension from another nilpotent Lie subalgebra having two dimensions less. There-
fore, we narrow our attention to 4- and 5-dimensional indecomposable solvable Lie
algebras and determine which among them can be described using the double exten-
sion process. To achieve this, we follow the work of L. Snobl and P. Winternitz [15]. As
far as we know, thier work provides the most recent classification of low-dimensional
indecomposable Lie algebras.

From this moment, s, , denotes an indecomposable (non-nilpotent) solvable Lie
algebra, where the first subindex indicates the dimension (n = 4,5), whereas the sec-
ond one is used for enumeration. For example, 54,19 stands for the tenth 4-dimensional
indecomposable solvable Lie algebra appearing in the classification. Now, for the 4 and
5-dimensional Lie algebras presented in the classification of L. Snobl and P. Winternitz,
we use the basis {ey, ..., e,} (n =4,5) given there to determine (when it is possible) the
double extension data: the Lie subalgebra g of codimension 2 (as it is presented in the
classification of low-dimensional Lie algebras that we are following), the 2-cocycle 6
and the derivation D of the central extension of g by 6. The derivation D is expressed
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by its matrix representation in the fixed basis. If the 2-cocycle 6 is non-trivial, we use
the following notation: letting n = 4,5, for some i, j € {1,2,---,n} with i < j, 0;; stands
for B(e;,e;) = 1 and O (e, ey) = 0 whenever (k, £) # (i, j).

In dimension 4, up to isomorphism, we have 13 classes of real indecomposable Lie
algebras, one of them corresponds to a nilpotent Lie algebra that clearly can be de-
scribed as a double extension of a nilpotent Lie subalgebra of codimension 2, whereas
the 12 remaining classes correspond to solvable Lie algebras, and in some cases, the
representatives are families of Lie algebras that depend on parameters. From the 12
non-isomorphic classes of solvable Lie algebras, there is only one that cannot be ex-
pressed as a double extension, namely, the Lie algebra s, ;2. The list of the non-isomorphic
4-dimensional indecomposable solvable Lie algebras that can be described as a double
extension is the following:

54,1
[es, e2] = ey, [eq,e3] = €3

010

Double extension data: a, = (e, e2),0 =0,ad(ey) = (8 3 (1))

54,2

leq,e1] = ey, [es, e2] = €1 + ez, [eq,e3] = €2+ €3 1o

Double extension data: a, = (e, e2),0 =0,ad(ey) = (8 (1) %)

54,3

les, e1] = ey, [eq, 2] = aes, [e4, e3] = bes, where 0 < |b| <|a| =1, (a, b) # (-1,1)
100

Double extension data: a, = (e, e2),0 =0,ad(ey) = (8 61 2).

54,4
les, e1] = ey, [eq, €2] = €1 + €2, [eq, €3] = aes where a #0
. 110
Double extension data: a, = (e, e2),0 =0,ad(ey) = (8 (1) 0).
a

545 (over the field C : isomorphic to s4,3)
leq, e1] = aey, leq, e2] = Bey — e3, [ey, €3] = €2 + fes where @ > 0

a 0 0
Double extension data: a, = {(e1, e2),0 =0,ad(ey) = (g ﬁl é)
546

[eo, e3] = ey, [eq,e2] = €2, [e4,€3] = —e3
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00 0
Double extension data: a, = (e, e3),023 = 1,ad(es) = (8 (1) 01).

54,7 (over the field C : isomorphic to s46)
[ez, e3] = e1,[eq, 2] = —e3,[eq4,e3] = €2 00
Double extension data: a, = (e», e3),023 = 1,ad(eq) = (8 0

54,8

[e2, e3] = e1,[eq,€1]1 = (1 + a)ey, [ey, e2] = €2, [e4, €3] = aes,
over the field F=C:0< |al <1, if |a| =1 then arg(a) < m;
overthefieldF=R:-1<a<1,a#0.

. 14a 0 0
Double extension data: as = (e, e3),023 = 1,ad(eq) = ( 8a ! 0).
a
54,9 (over the field C : isomorphic to s4,8)
le2,e3] = e1,leq, 1] = 2aey, [ey, e2] = er — e3, (€4, €3] = €2 + ae3 where a > 0.

. 2a 0 0

Double extension data: a, = (e, e3),023 = 1,ad(es) = ( 3 @ 1).
-1 a

54,10

[ez,e3] = ey, [eq, €11 =2e1,[eq,e2] = €2,[e4,€3]1 = €2 + €3

00
Double extension data: a, = {e;, e3),023 = 1,ad(ey) = ( (1) %)

[=J=] N}

54,11
[ez,e3] = ey, [eq,e1] = €1,[e4,€2] = €2
Double extension data: a; = {e;, e3),023 = 1,ad(ey) = (

oo
oo
Soo
—

54,12 (decomposable over the field C)
les,e1] = e1,[e3, e2] = ez, [es,€1] = —ep,[eq, 2] = €1
Double extension data: —.

On the other hand, up to isomorphism, there are 52 classes of real 5-dimensional
Lie algebras, from which 6 classes correspond to indecomposable nilpotent Lie alge-
bras, 45 classes correspond to indecomposable solvable Lie algebras and the remaining
class corresponds to the decomposable Lie algebra s[(2) x R?. As in dimension 4, some
of the representatives are families of Lie algebras depending on parameters. From the
45 indecomposable solvable Lie algebras there are just two of them that cannot be de-
scribed as a double extension, namely s5 42 and ss 43. In fact, observe that s5 43 with
parameters a = § = 1 is the Lie algebra a; x a3 discussed in Example 1.13. On the other
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hand, recall that in Example 1.12 we discussed that s[(2) x R? cannot be described as
a double extension. The list of the non-isomorphic 5-dimensional indecomposable
solvable Lie algebras and its description (when it is possible) as a double extension is
the following:

55,1
les, en] = eq, [es,e3] = en, [e5,e4] = e4.

Double extension data: ag = {ej, e2,e3),0 = 0,ad(e5) = (

—OoOOO
~———

(==l l]
SoOoO—
(==

55,2
les, e2] = ey, [es, e3] = e3, [e5,e4] = €3+ e4.

0100
Double extension data: az = (ej, e2, €3),0 = 0,ad(e5) = (8 90 (1’)

0001
55,3
les, ex] = e1,[es, e3] = e3, [es5, e4] = aeq, where 0 < |a| < 1.If |a| = 1 then
arg(a)=m.

0100
Double extension data: az = (ej, e2, €3),0 = 0,ad(e5) = (§ § g ‘1))

a

s5 4 (over the field C : isomorphic to s53)

les, ex] = e1,[es,e3] = aes — ey, [es5, e4] = e3 + aey, where 8 15 (c)x .

Double extension data: a3 = {ej, ez, e3),0 = 0,ad(es) = (8 09 (1])
00-1a

55,5

les,e1] = ey, [es, 2] = e1 + e, [e5, €3] = €2 + e3, [e5, e4] =es ;Loe%

Double extension data: az = {ej, e, e3),0 = 0,ad(es) = (8 o (1’)
0001

55,6
les,e1]l = ey, [e5,e2] = e1 + €2, [e5, €3] = aes, [es, e4] = e3 + aey,
where 0 < |a| < 1, if |a| = 1 then arg(a) < n.

11
Double extension data: az = (ej, ez, €3),0 = 0,ad(es) = (8 5
00

oQ oo

0
0
1l
a
55,7

les,e1]l = e1, [e5,e2] = e1 + €2, [e5, €3] = €3 + 3, [e5, e4] = aey, where a # 0.
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Double extension data: ag = {ej, e2,e3),60 =0,ad(es) = (

(=1 =)
QOooo
P

(==l
OO

556 (over the field C : isomorphic to s56)
les,e1] = aei—ep,les,ex] = e1 +aep, [es,e3] = e1 +aes—ey, [e5,e4] = extes+aey,

55,9

les,e1] = ey, [es, e2] = aeo, [e5, e3] = bes, [es, es] = ceq, where the value of the pa-
rameters a, b, ¢ are 0 < |c| < |b| < |a| < 1. If one or more equalities hold further

where 0 < a.

a 1
-1a 0
0 o
0

Double extension data: az = {ej, e2, e3),0 = 0,ad(es) = (
-1

Q==

1
a
0
0

restrictions on the parameters are necessary in order to avoid redundancies
(for more details see [15]).

1000
Double extension data: as = (e, ez, e3),0 = 0,ad(es) = (8 ad 8).
000c

55,10
les,e1] = ey, [e5,e2] = ey + ez, [es, e3] = aes, [es, eq] = bey, where 0 < |b| < |al, if
|b| = |al then arg(a) < arg(b).

oQ oo
Tooco
~——

Double extension data: az = {ej, e2,e3),0 =0,ad(es) = (

cSooH—
SO

55,11 (over the field C : isomorphic to s59)
les,e1] = aey, les, e2] = Bey, es, e3] = yes—ey, [e5,e4] = e3+yeq, where a >0, #
0,a=p=-a.

cooR
ocoo™o
|

L= oo
< ~HOoOo
Nl

Double extension data: az = {ej, e2,e3),0 =0,ad(es) = (

55,12 (over the field C : isomorphic to s5 19)
les,e1] = e1,[es, e2] = e1+ ez, [e5,e3] = aes— Pey, [e5, ea] = Pes+aes, where >0

|

les,e1] = aer1—eo, [e5,e2] = e1+aey, [e5, 3] = fes—Yyey, les, e4] = yes+ ey, where
0<y<l,0sa.lfa=0then0<pf.Ify=1then|a|<|Bl.

R ™oo

110
. 1

Double extension data: az = {ej, e2,e3),0 =0,ad(es) = (8 0 2

00-p

55,13 (over the field C : isomorphic to s(5 9)
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=moo

o oK
o o
|
<
== oo
—_—

Double extension data: ag = (e, e»,e3),0 = 0,ad(es) = (

55,14
[eo,e3] = ey, [es5,e3] = ez, [es5, e4] = e4.

Double extension data: n3 ; = (e, ez, €3), [e2, e3] = 1,0 = 0,ad(es5) = (

55,15
leo, e3] = ey, [es,e0] = er, [e5,e3] = —e3,[e5,e4] = €1.

00
Double extension data: ng; = (e, e2,e3), [e2, €3] = 1,0 =0,ad(es) = (8 (1)
00

55,16 (over the field C : isomorphic to 55 15)
[e2, e3] = ey, [e5, e2] = —e3, [e5, €3] = €2, [es, e4] = e7.

0001
Double extension data: n3; = (e, ez, e3), [e2, e3] = €1,0 = 0,ad(es) = (8 ) (1] 8)-
0000

55,17

le2,e3] = ey, [e5,e2] = e2,[es,e3] = —es, [e5,e4] = aeq, where the values of the
parameter a are: over the field F = C: 0 < Re(a), if Re(a) = 0 then 0 < Im(a);
over the field F=R:0 < a.

0000
Double extension data: n3; = (e, ez, e3), [e2, e3] = €1,0 = 0,ad(es) = (8 (1) 9 8)-
000 a
55,18
lez2, e3]l = ey, les,e2] = —ez,[e5,e3] = e3 + ey, [e5,e4] = €4 00 00
Double extension data: n3; = (e}, e, e3), [e2, e3] = e1,0 = 0,ad(es) = (8 o9 8).
0011
5519 (over the field C : isomorphic to s5,19)
le2, e3] = ey, [es5, e2] = —e3, [es, e3] = ez, [es, 4] = aeq where a > 0. 0000
Double extension data: n3; = (e, ez, e3), [e2, e3] = e1,0 = 0,ad(es) = (8 ,01 (1] 8).
00 0a
55,20
lez2,e3] = ey, [e5,e1] = ey, [e5, 2] = €2, [e5, €3] = €. L0006
Double extension data: n3 1 = ey, 2, e3), [e2, e3] = e1,60 = 0,ad(es) = (8 00 8)-
0010

55,21
leo, e3] = ey, [es,e1] = 2eq, [es,e2] = ex + e3,[es5,e3] = e3 + ey, [es5, es] = e4.
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OO

—OOO
~————

coon
(=1 =)

Double extension data: n3 ; = {(ej, ez, €3), [e2, e3] = 1,0 = 0,ad(es5) = (

55,22
lez,e3] = ey, les,e1]l = (a+1)ey,[es5,ex] = e, [e5,e3] = aes, [es, e4] = bey, where
the value of the parameters a, b are over the field F = C: 0 < |a| < 1,b # 0, if

lal=1then arg(a) < m; overthefield F=R: -1<a<1,a,b#0.
1

oQ oo
Tooo
P

a+10
Double extension data: n3 1 = {ey, e, e3), [e2, e3] = e1,0 = 0,ad(e5) = ( 93
0 0

55,23
lea,e3] = ey, [e5,e1] = (a+1)ey, [e5, e2] = aey, [es, e3] = e3 + ey, [es5, e4] = e4 where

a#z0,—-1.

55,24

les, e3] = ey, [es,e1] = 2e1, [e5,e2] = ex + e3, [es, e3] = e3, [es, e4] = aey where a #
0.

Double extension data: n3; = (e, ez, e3), [ez2, e3] = e1,0 = 0,ad(es) = ( )
lez, e3] = eq,[e5,e1] = 2aey, [e5,e2] = aex — e3,[e5,e3] = ez + aes, [es5,e4] = Pey

where a #0, 5> 0.

0
0
1
1

oo o
—ooo

a+1
Double extension data: n3; = (e, ez, e3), [ez2, e3] = e1,0 = 0,ad(es) = ( 8
0

SooN
(=)
(=1l =Y)
Qooo

5525 (over the field C: isomorphic to s5 27)

2a
0
0
0

|
olro
oR~O

mooo
P

Double extension data: n3 ; = (ej, €2, €3),[e2,e3] = e1,0 = 0,ad(e5) = (

55,26

lez, e3] = ey, [es,e1] = (a+1)ey, [es, e2] = ez, [e5, e3] = aes, [es5,e4] = e1+ (a+1)ey,
where the values of the parameter a are over F = C: 0 < |a| < 1, if |a| = 1 then
arg(a) <m;overthefieldF=R: -1<a<1,a#0.

a+100 1
Double extension data: n3 1 = {e1, €2, e3), [e2, e3] = e1,0 = 0,ad(es) = ( g 190 )
0 00 a+l

55,27
[er, e3] = ey, [es5,e1] = 2ey, [e5,e2] = ex + e3,[e5, 3] = e3, [es5, e4] = e1 +2e4.

2001
Double extension data: n3; = (e, ez, e3), [ez2, e3] = e1,0 = 0,ad(es) = (8 % (1] 8).
0002
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5598 (over the field C: isomorphic to s5 »6)
le2,e3] = e1,[es5,e1]l = 2aer, [es, e2] = aex +e3,[es5,e3] = —ex + aes, [es,e4] = €1 +

2w ey, where a > 0.
2a

0
0 -
0
0

—

1
0
0

Double extension data: n3; = (ej, ez, e3),[e2,e3] = e1,0 = 0,ad(e5) = ( P )
0 2a

0
a
1
0

55,29
leo,e3] = ey, [es,e1] = e1, [es,e3] = e3 + ey, [es5,e4] = e4.

1000

Double extension data: n3 1 = {e1, 2, e3), [e2, e3] = e1,0 = 0,ad(es) = (8 90 8).
0011

55,30

le2, e3] = ey, les, e1] = ey, [es, e2] = ez, [e5, e4] = aey, where a # 0. Looo

Double extension data: n3 1 = ey, ez, e3), [e2, e3] = e1,60 = 0,ad(es) = (8 00 8)‘
000a

55,31

[ea,e3] = ey, [e5,e1] = e, [es, e2] = o, [e5,e4] = €1 + 4. Loo1

Double extension data: n3; = (e}, ez, e3), [e2, e3] = e1,0 = 0,ad(es) = (8 38 8).
0001

55,32

le2,e3] = e1,[es,e1]l = e1,[e5,e3] = €3 + ey, [e5, 4] = €1 + e4. ool

Double extension data: n3; = (e}, e, e3), [e2, e3] = e1,0 = 0,ad (es) = (8 90 8).
0011

55,33

[e2, e4] = e1,[e3,e4] = €3, [e5,e2] = —e2, [e5,e3] = —2e3, [e5,e4] = e4. 00 00

Double extension data: n3 1 = (e, 3, €4, [e3, 4] = €2,024 = 1,ad(es) = (8 oo 8).

00 01

55,34
[e2, es] = ey, [e3,e4] = €2, [e5,e1] =3eq, [e5,e2] =26y, [e5,e3] = e3,[e5,e4] =

3
Double extension data: ng,; = (e, €3, €a), [e3, €4l = e2,024 = 1,ad(es5) = (8

0
55,35

leo, es] = ey, [e3,e4] = e2,[e5,e1] = (a+2)ey, [e5,e2] = (a+1)ey, [es5,e3] = aes, [es5,e4] =
e4, where a #0,-2.

0 00
Double extension data: n3 1 = (e, €3, €4), [e3, e4] = €2,024 = 1,ad(es) = ( 9 atl 28).
0 01
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55,36
[er, es] = e1,e3,e4] = eo,[e5,e1] = 2ey1, [e5,e2] = €2, [e5,e4] = e4.

2000

Double extension data: n3; = (e, e3, es), [e3,e4] = €2,024 = 1,ad(es) = (8 (1) 8 8)-
0001

55,37

le2, es] = e1,[e3,e4] = €2, [e5,€1] = €1, [e5, €2] = €2, [e5, €3] = e3. 600

Doubhexmnﬂondam;n&1:(ebe&en,ngal=eb9u=:Lad@%):(85?8)
0000

55,38
le2,es] = e1,[e3,e4] = €2, [e5,e1] = e1,[e5,e2] = e, [es, e3] = €ey + e3 where the
values of the parameter ¢ are over the field F = C: € = 1; over the field F = R:

e==1.

100

Double extension data: ng; = (e, €3, e4), [e3,e4] = €2,024 = 1,ad(e5) = (8 5 8).
0000

oo,

55,39
leg, e2] = €2, [e5,e3] = e3,[es5,e4] = e7.
Double extension data: ny; @ {(e1) = (€2, e3,€4),[es,€2] = €2,0 =0,
adten = (114).
0000
55,40 (over the field C: isomorphic to §5 39)
[eg, e2] = €2, [eq,e3] = €3, [e5,€2] = —e3, [es5,e3] = €2, [e5,e4] = e1.
Double ex(;(etr)lsoi?n data: q; = (e, e3,e4),[es,e2] = €2,[e4,€3] = 3,0 =0,
adte = (3 48).
0000

55,41
[eq, e1] = e1, [eq, e3] = aes, [es5, e2] = e, [e5, e3] = bes, where the values of the pa-
rameters a, b are 0 < |b| < |a| < 1. If one or more equalities hold further restric-
tions are necessary on the parameters are necessary to avoid redundancies (for
more details see [15]).
Double extension data: q, = {e1, €3, e4), [e4, €1] = €1,[e4, €3] = aes,0 = 0,ad(es) =
(8 10 8)

00b0]|

0000
55,42
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les, e1] = aey,[es, e2] = o, [e4,e3] = e3,[e5,e1] = €2, [e5,e3] = €2
Double extension data: - -.

55 43 (over the field C: isomorphic to 55 41)

les, e1] = aey, leq, e2] = e, 1eq, €3] = e3,[e5,e1] = Pey, [es5, e2] = —e3, [e5, €3] = e,
where a? + 2 £0.

Double extension data: - -.

55,44
les, e1] = ey, [eq, 2] = €2, [e5,€2] = €2, [e5, €3] = —e3
Double extension data: q; = {ej, e2,e4),[es,e1] = e1,[es, 2] = 2,0 =0,ad(es) =

0000
(01 0 0)
00-10]
0000
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